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Abstract

Particle swarm optimization (PSO) is a very popular, randomized, nature-

inspiredmeta-heuristic for solving continuous black box optimization prob-

lems. The main idea is to mimic the behavior of natural swarms like, e. g.,

bird flocks and fish swarms, that find pleasant regions by sharing informa-

tion and cooperating rather than competing against each other. For opti-

mization purpose, a number of artificial particles move through the RD and

the movement of a particle is influenced not only by its own experience, but

also by the experiences of its swarm members.

Although this method is widely used in real-world applications, there is

unfortunately not much understanding of PSO based on formal analyses, ex-

plaining more than only partial aspects of the algorithm. One aspect that is

target of many researchers’ work is the phenomenon of a converging swarm,

i. e., the particles converge towards a single point in the search space. In

particular, necessary and sufficient conditions to the swarm parameters, i. e.,

certain parameters that control the behavior of the swarm, for guaranteeing

convergence could be derived. However, prior to this work, no theoretical re-

sult about the quality of this limit for the unmodified PSO algorithm and a

situation more general than considering just one particular objective func-

tion have been shown.

In this thesis, we study the convergence process in detail. In order to mea-

sure, how far the swarm at a certain time is already converged, we define and

analyze the potential of a particle swarm. The potential is constructed such

that it converges to 0 if and only if the swarm converges, but we will prove

that in the 1-dimensional case, when the swarm is far away from a local op-

timum, the potential increases. This observation turns out to be sufficient

to prove the first main result, namely that in a 1-dimensional situation, the

swarm with probability 1 converges towards a local optimum for a compar-

atively wide range of objective functions. Additionally, we apply drift theory

in order to prove that for unimodal objective functions, the result of the PSO

algorithm agrees with the actual optimum in k digits after time O(k).
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In the generalD-dimensional case, it turns out that the swarm might not

converge towards a local optimum. Instead, it gets stuck in a situation where

some dimensions have a potential orders of magnitude smaller than oth-

ers. Such dimensions with a too small potential lose their influence on the

behavior of the algorithm, and therefore, the respective entries are not op-

timized. In the end, the swarm stagnates, i. e., it converges towards a point

in the search space, that is not even a local optimum. In order to solve this

issue, we propose a slightly modified PSO that again guarantees convergence

towards a local optimum.
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Zusammenfassung

Partikelschwarmoptimierung (PSO) ist eine sehr verbreitete, randomisier-

te, von der Natur inspirierte Meta-Heuristik zum Lösen von Black-Box-Op-

timierungsproblemen über einem kontinuierlichen Suchraum. Die Grundi-

dee besteht in der Nachahmung des Verhaltens von in der Natur auftreten-

den Schwärmen, die vielversprechende Regionen finden, indem sie Informa-

tionen austauschen undmiteinander kooperieren, anstatt gegeneinander zu

konkurrieren. Im daraus gewonnenen Optimierungsverfahren bewegen sich

künstliche Partikel durch den RD, wobei die Bewegung eines Partikels nicht

nur von dessen eigener Erfahrung, sondern genauso von den Erfahrungen

der übrigen Schwarmmitglieder beeinflusst wird.

Obwohl diese Methode in zahlreichen realen Anwendungen verwendet

wird, haben theoretische Betrachtungen bisher nur einige wenige Teilaspek-

te des Algorithmus erklärt. Ein solcher Aspekt, mit dem sich viele Wissen-

schaftler auseinandersetzen, ist das Phänomen der Konvergenz des Partikel-

schwarms. Das bedeutet, dass die Partikel gegen einen Punkt im Suchraum

konvergieren. Insbesondere konnten notwendige und hinreichende Bedin-

gungen an die Schwarmparameter, bestimmte Parameter die das Verhalten

des Schwarms steuern, ermittelt werden, unter denen Konvergenz gewähr-

leistet ist. Allerdings ist bis jetzt kein theoretisches Resultat über dieQualität

dieses Grenzwertes bekannt, das für den unmodifizierten PSO-Algorithmus

in einer allgemeineren Situation als beispielsweise nur für genau eine Ziel-

funktion bewiesen werden konnte.

Diese Arbeit befasst sich detailliert mit dem Prozess der Konvergenz. Um

zu messen, wie stark der Schwarm bereits konvergiert ist, wird das Potential

eines Partikelschwarms eingeführt und analysiert. Das Potential ist so kon-

struiert, dass es genau dann gegen 0 konvergiert, wenn der Schwarm kon-

vergiert. Im 1-dimensionalen Fall ergeben die Betrachtungen, dass sich das

Potential erhöht, solange der Schwarmweit vom nächsten lokalen Optimum

entfernt ist. Diese Beobachtung führt zum Beweis des ersten Hauptresul-

tats, nämlich dass im 1-dimensionalen Fall der Schwarm fast sicher gegen

ein lokales Optimum konvergiert. Dieses Resultat ist für eine vergleichbar
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große Klasse von Zielfunktionen gültig. Zusätzlich kann mittels Drifttheorie

gezeigt werden, dass das Ergebnis des PSO-Algorithmus nach einer Zeit von

O(k) mit dem tatsächlichen Optimum in k Bits übereinstimmt.

Im allgemeinenD-dimensionalen Fall stellt sich heraus, dass der Schwarm

nicht zwangsläufig gegen ein lokalesOptimumkonvergiert. Stattdessen gerät

er in eine Situation, in der manche Dimensionen ein um Größenordnungen

geringeres Potential haben als andere. Diese Dimensionen mit zu geringem

Potential verlieren ihren Einfluss auf das Verhalten des Algorithmus, und da-

herwerden die entsprechenden Einträge nicht optimiert. Die Konsequenz ist

Stagnation des Schwarms, das heißt, der Schwarm konvergiert gegen einen

Punkt im Suchraum, der nicht mal ein lokales Optimum ist. Um dieses Pro-

blem zu lösen wird eine leicht modifizierte Version der PSO vorgeschlagen,

die wiederum eine Garantie für Konvergenz gegen ein lokales Optimum zu-

lässt.
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"The PSO algorithm can be compared to a group of nerds
randomly spread in the mountains. They are supposed to get

close to the highest point in a limited area. As nerds usually are
not used to daylight, their only way to navigate is via the GPS in

their mobile phones. Furthermore, they are allowed to use
facebook to share their position with their friends. Now they walk

randomly around, always a bit towards their personal previous
best position and a bit towards the best position on facebook."

Christoph Strößner, participant of Sarntal Ferienakademie, 2014
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1. Introduction and Contribution

Particle swarmoptimization (PSO), originally invented byKennedy andEber-

hart [KE95, EK95] in 1995, is a very popular nature-inspired meta-heuristic

for solving continuous optimization problems. It is designed to reflect the

social interaction of individuals living together in groups and supporting

and cooperating with each other, rather than competing against each other.

Fields of successful application are Biomedical Image Processing [WSZ
+
04],

Geosciences [OD10],Mechanical Engineering [GWHK09], andMaterials Sci-

ence [RPPN09], to name just a few, where the continuous objective function

on a multi-dimensional domain is not given in a closed form, but by a “black

box.” That means that the only operation that the objective function allows

is the evaluation of search points while, e. g., gradient information is not

available.

The popularity of the PSO framework in various scientific communities

is due to the fact that it on the one hand can be realized and, if necessary,

adapted to further needs easily, but on the other hand shows in experiments

good performance results with respect to the quality of the obtained solution

and the time needed to obtain it. By adapting its parameters, users may in

real-world applications easily and successfully control the swarm’s behavior

with respect to “exploration” (“searching where no one has searched before”)

and “exploitation” (“searching around a good position”). A thorough discus-

sion of PSO can be found in [PSL11].

To be precise, let an objective function f : RD → R on a D-dimensional

domain be given that (without loss of generality) has to be minimized. A

population of particles, each consisting of a position (the candidate for a

solution), a velocity and a local attractor, moves through the search space

RD. The local attractor of a particle is the best position with respect to f

this particle has encountered so far. The population in motion is the swarm.

In contrast to evolutionary algorithms, the individuals of the swarm coop-

erate by sharing information about the search space via the global attractor,

which is the best position any particle has found so far. The particles move

in time-discrete iterations. The movement of a particle is governed by so-
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1. Introduction and Contribution

called movement equations that depend on both the particle’s velocity and

its two attractors and on some additional fixed parameters, controlling the

influence of the attractors and the velocity on the next step (for details, see

Chapter 2.2).

Although this method is widely used in real-world applications, there is

unfortunately not much understanding of the algorithm based on formal

analyses, explaining more than only partial aspects like analyzing the trajec-

tories of restricted and deterministic PSO variants. One aspect that is target

of many researchers’ work is the phenomenon of a converging swarm, i. e.,

the particles converge towards one point in the search space. This exploita-

tive behavior is desired because it allows the swarm to refine a solution and

maybe come arbitrarily close to the optimum. Many experiments support

the claim that using appropriate parameters allows the swarm to converge.

In particular, necessary and sufficient conditions to the swarm parameters

were derived in the literature, which guarantee convergence of the swarm

under the assumption that the attractors are constant. However, until now,

no theoretical result about the quality of this limit for the unmodified PSO

algorithm, valid in a situation more general than considering just one par-

ticular objective function, have been shown.

1.1 Contributions

Themain goal of this thesis is to provide the first generalmathematical anal-

ysis of the quality of the global attractor when it is considered as a solution

for objective functions from a very general class F of functions and there-

fore of the quality of the algorithm’s return value. The set F consists of all

functions that have a continuous first derivative and, roughly spoken, have

only a bounded area that is of interest for the particles. Note that the class

F of admissible objective functions, for which our convergence results hold,

is much more general than, e. g., the subset of the class of the unimodal

functions that is considered in [Jäg07] in the context of restricted (1 + 1)
evolutionary algorithms.

First, we propose a mathematically sound model of PSO, which describes

the algorithm as a stochastic process over the real numbers. Before present-

ing our convergence analysis, several previous results, in particular different

2



1.1 Contributions

negative results stating that the PSO algorithm is not an “optimizer”, are dis-

cussed in the light of this new model.

Main Tools for the Analysis

As an important tool for the analysis, we introduce the new approach of

defining the potential of the particle swarm that changes after every step.

The potential covers two properties of the swarm: It tends to 0 if the par-

ticles converge, but we can show that it increases if the whole swarm stays

close to a search point that is no local minimum. In the latter case, we prove

that the swarm charges potential and resumes its movement.

Another important tool for our analysis is drift theory, which has already

been used for proving runtime bounds in the area of evolutionary algorithms.

Drift theorems allow us to transform bounds of the drift, i. e., the expected

tendency of a stochastic process in a certain direction, into bounds on the

expected time until the process hits a predefined value. In order to use

drift theory for analyzing PSO, we formulate and prove a new drift theorem,

specifically designed for stochastic processes on the continuous domain R.
As far as we know, this thesis contains the first work that analyzes PSO with

the help of drift theory.

Contributions to the Analysis of 1-Dimensional PSO

As our first main result, we can prove an emergent property of PSO for F,
namely that in the 1-dimensional case the swarm almost surely (in the well-

defined probabilistic sense) finds a local optimum. More precisely: If no

two local optima have the same objective function value, then the swarm

converges towards a local optimum almost surely.

Since the possible area for the global attractor is bounded, the Bolzano-

Weierstrass theorem implies that either the global attractor converges to-

wards a single point in the search space, or there are at least two accumula-

tion points of the global attractor, i. e., points to which the global attractor

comes arbitrarily close infinitely often. If the global attractor converges, then

the results of previous theoretical work guarantee convergence of the whole

3



1. Introduction and Contribution

swarm. But, as our potential analysis shows, the swarm cannot converge to-

wards a point that is no local optimum. So, if the global attractor converges,

then its limit is a local optimum. If there are two or more accumulation

points, then the swarmmaintains a certain amount of potentential, depend-

ing on the distance between the accumulation points, since this distance is

overcome infinitely often. As it will turn out in our analysis, if some of the ac-

cumulation points are no local optimum, this potential is sufficient to find

a region better than the accumulation point. However, since the global at-

tractor does not accept worsenings, once it has found a better position than

a point z ∈ R, it cannot come arbitrary close to z anymore, so z cannot be

an accumulation point — a contradiction. Altogether, only the cases when

every accumulation point is a local optimum remain.

In case of unimodal functions, this result implies convergence towards

even the global optimum. Therefore, the next step is to bound the runtime

in case of 1-dimensional, unimodal functions. Since hitting the optimum

exactly within a finite number of steps is not possible, we instead ask for the

time until the optimum and the global attractor agree in k digits. The result

of our analysis is a runtime bound of O(k).
To achieve this result, we further study the process of convergence and

propose a classification of the particle swarm’s possible configurations into

“good” configurations, i. e., configurations that allow the swarm to improve

the candidate solution directly, and “bad” configurations, fromwhich signifi-

cant improvements are not directly possible. This may be because either the

potential of the swarm is too low, such that the steps width of the particles

is insignificant compared to the distance to the optimum, or the potential is

too high, such that the probability for an improvement is close to 0. Indeed,

such bad configurations occur with positive probability and therefore fre-

quently if the algorithm is run long enough, but our analysis formally shows

another emergent property of the swarm, namely the necessary self-healing

property, that enables the swarm to recover from such a bad configuration

within finite and actually quite reasonable time.

We construct an appropriate distance function that measures how far the

swarm is away from an “optimal state” where every particle is located at the

optimum. Note that this state cannot be reached within a finite number

of iterations, but the swarm might converge towards it. Our distance mea-

sure is composed of the so-called primary measure, i. e., the quality of the

attractors with respect to the objective function, and additional secondary

measures that measure the “badness” of the respective situation. It is proved

that indeed the swarm frequently makes progress, either directly by improv-
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1.1 Contributions

ing the attractors or indirectly by reducing the “penalties” of the secondary

measures.

Applying our drift theorem to this distance measure leads to our second

main result, namely the proof that for 1-dimensional, unimodal objective

functions, the convergence speed is linear, i. e., the expected number of iter-

ations necessary until the global attractor and the actual optimum agree in

k digits is O(k), where the constant involved in the O does not depend on

the actual objective function.

Contributions to the Analysis ofD-Dimensional PSO

For the general D-dimensional case, our studies of the respective processes

of PSO encountering bad situations are mostly experimental. This approach

reveals that while classical PSO is able to heal itself from most of the bad

configurations, there is one type that the swarm cannot recover from and

that indeed causes stagnation, i. e., convergence towards a point in the search

space that is not a local optimum. Therefore, the classification from the 1-

dimensional case is extended by the set of “fatal” configurations, which can

cause non-optimal stagnation.

More precisely: During the search process, it might occur that the poten-

tials of the different dimensions are imbalanced, i. e., some dimensions have

a significantly smaller potential than others. The entries of the particles’

positions and velocities in such dimensions with a too small potential lose

their influence on the behavior of the algorithm, therefore the swarm con-

verges towards a point that is not even a local optimum, while the imbalance

of potentials between the different dimensions is maintained and actually

worsened. That means that while in such a fatal situation, the swarm cannot

make significant improvements of its positions in the search space and there

is a positive probability that the swarm will never heal itself from this situa-

tion. Therefore, we slightly modify the classical PSO in order to respond on

this particular weakness. Our modified PSO behaves like the classical PSO

as long as the potential of the swarm is larger than a user defined parameter.

As soon as the swarm potential falls below this specified bound, the updated

velocities are chosen uniformly from some small area. As our third main re-

sult, we prove that this modified PSO almost surely finds a local optimum

for functions in F.
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1. Introduction and Contribution

We present experiments indicating that indeed the modification does not

completely alter the behavior of the swarm. Instead, after healing itself from

encountering the fatal event, the swarm switches back to the behavior of the

classical PSO.

Note that although we present the analysis only for one particular PSO

version, in the following called the classical PSO, the general technique of

defining a potential, analyzing occuring configurations and measuring their

“badness” can be generalized to presumably all variants of PSO developed so

far.

1.2 Overview

The structure of this thesis is as follows: In Chapter 2, we introduce the PSO

algorithm with its applications, variants, extensions and generalizations and

provide an overview over related work. First, we motivate the use of PSO by

presenting a collection of successful applications of PSO for problems in a

black box setting, where a closed form of the objective function is either com-

pletely unavailable or too complicated to be useful. In Section 2.2, we intro-

duce the exact version of the classical PSO algorithm that we will analyze in

Chapter 4. An overview over selected variants of the classical PSO algorithm

is provided in Section 2.3. In Section 2.4, we present an overview over com-

mon variants of PSO for multi-objective optimization problems, where the

goal is to find points in the search space that are “good” with respect to sev-

eral, possibly conflicting objective functions. In Section 2.5, we show several

adapted PSO variants that are designed for discrete optimization problems.

A brief overview over the theoretical results regarding PSO is presented in

Section 2.6. Finally, we conclude Chapter 2 with a brief introduction into

other important nature-inspired meta-heuristics, namely evolutionary algo-

rithms and ant algorithms.

Chapter 3 provides the formulation of the mathematical model of PSO,

which we use for the analysis. Therefore, in Section 3.1 we first recall the rel-

evant definitions from probability theory, namely random variables, stochas-

tic processes, conditional expectations and related concepts. In Section 3.2,

we outline the famous No Free Lunch Theorem, a strong negative result in

the field of combinatorial optimization, which basically says that in a perfect

black box situation when nothing is known about the objective function, any

6



1.2 Overview

two search heuristics have the same performance. In particular, this implies

that no algorithm is better than blind search, i. e., the best algorithm is just

sampling randompoints of the search space and returning the best. However,

as we will explain in Section 3.2, the same result is not true in a continuous

situation. In Section 3.3, drift theory is introduced as an important tool for

runtime analysis. We recall classical results in drift theory and formulate and

prove a modified drift theorem, suitable for the analysis of PSO. In Section

3.4, we finally state the proposed model of the PSO algorithm in terms of

stochastic processes. Additionally, we introduce the potential of a particle

swarm as a measure for its ability to reach far-off areas of the search space.

Finally, in Section 3.5, we point out previous results, which are closely related

to the work of this thesis, in detail and discuss some negative results, that on

the first sight look as if they were in contradiction with our results.

Chapter 4 contains themain theoretical results about a particle swarm op-

timizing an objective function from the comparatively large set of functions

F over a 1-dimensional search space. Our first main result is presented in

Section 4.1, namely the formal proof that the classical, unmodified PSO al-

gorithm finds a local optimum in the sense that every accumulation point of

the global attractor is a local optimum. In Section 4.2, we present our sec-

ond main result, i. e., the rigorous runtime analysis for the case of unimodal

objective functions.

In Chapter 5, we approach the multidimensional case. First, in Section

5.1 we collect the different bad configurations and empirically examine the

behavior of the swarm when exposed to such difficulties. In Section 5.2,

we propose a slightly altered version of the PSO algorithm, where we made a

modification in order to void the weakness of PSOwhen it is confronted with

imbalanced potentials. We experimentally investigate the modified PSO for

its capability to actually overcome the fatal event and for the overall impact

of the modification.
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Particle swarm optimization (PSO) is a popular meta-heuristic, inspired by

the social interaction of individuals living together in groups and supporting

and cooperating with each other. Since it was invented in 1995 by Kennedy

and Eberhart ([KE95, EK95]), the PSO method has drawn the attention of

an increasing number of researchers because of its simplicity and efficiency

([PKB07]). The goal of the PSO algorithm is to find the optimum of an ob-

jective function f : S ⊂ RD → R. For the rest of this thesis, we assume that f

is to be minimized. Since maximizing f is equivalent to minimizing −f, this
is without loss of generality.

Although PSOworks for literally any function f, it is typically appliedwhen

there is no closed form of f. In such a situation, information about f can only

be gained by evaluating f pointwise. In particular, the information about

the gradient of f is unavailable. Figure 2.1 gives a graphical overview over the

described situation, which is referred to as a black box optimization problem.

Optimization

Method

Search point

Function value

Objective function

(Black box)

Figure 2.1: Black box optimization.
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2.1 Applications of Particle Swarm Optimization

Black box optimization problems, where the objective function is not explic-

itly available and function evaluations are expensive, occur in many different

areas. Quite often experiments show that PSO or at least some PSO variant

is capable to solve them, i. e., to find a solution with a quality sufficiently

good for the application, although it is usually not the global optimum. The

time to implement PSO for a given application and the optimization time

itself are typically sufficiently short, such that PSO is in a lot of cases more

attractive than a sophisticated, problem specific and exact method. In the

following, a selection of real-world problems with black box flavor, to which

PSO was applied successfully, is presented.

In electrical power systems consisting of several producers (e. g., genera-

tors), intermediate nodes and consumers, the control center needs to react

on load changes of the consumers. The power transmission loss depends

on several parameters like certain automatic voltage regulator operating val-

ues. The Volt/Var Control (VVC) problem asks for a configuration that yields

the minimal loss subject to certain constraints, e. g., voltage security require-

ments of the target system and permissible range of the voltage magnitude

at each intermediate node. In [YKF
+
00, MF02], PSO has empirically proved

its capability to solve the underlying optimization problem.

Size and shape optimization looks for the optimal geometry of a truss

structure with respect to stress, strain and displacement constraints. The au-

thors of [FG02] compare the performance of PSO against a variety of other

algorithms by solving a number of instances of this problem.

Three different applications from the field of mechanical engineering op-

timization are presented in [HES03a]. First, PSO is used to solve the problem

ofminimizing the total cost of building a cylindrical pressure vessel, depend-

ing on its exact shape and form. As a second application, the authors use

PSO for minimizing the cost of welding a rigid member onto a beam. The

total cost, consisting of the cost of the material and the labor cost, depends

on the exact geometry of themember and the beam. This geometry is subject

to certain constraints, regarding, e. g., the overall size or the bending stress.

Finally, the weight of a tension/compression spring is minimized, which de-

pends on, e. g., the coil diameter, the wire diameter and the number of coils.

Again, the optimization problem is due to certain constraints regarding size

and overall shape of the spring.

10
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slice 5 of 29 slice 10 of 29 slice 15 of 29 slice 20 of 29 slice 25 of 29

(a) Unregistered image showing five slices of both, a CT image (pink) and a MRI

image (green) of the human brain ([RIR14])

slice 5 of 29 slice 10 of 29 slice 15 of 29 slice 20 of 29 slice 25 of 29

(b) Five slices of both, a CT image (pink) and a MRI image (green) of the human

brain after a PSO-based registration done in [Sch14].

Figure 2.2: Example of a 3-dimensional CT image (pink) and a 3-

dimensional MRI image (green) of the human brain, obtained

from [RIR14] before registration and after registration done in

[Sch14] by using PSO.

Different properties of an antenna like its weight and its return loss depend

on physical and electromagnetic characteristics, e. g., its length, its overall

shape and the number of corrugations per wavelength. In [RRS04], the au-

thors present a PSO-based approach to find a design that matches these de-

sign goals by finding the optimal design of an antenna.

In biomedical research, PSO is used for image registration ([WSZ
+
04]).

It is common to image the same body part with different methods, e. g.,

Computer Tomography (CT) provides images of bones while Magnetic Res-

onance Imaging (MRI) is suitable for scanning soft tissues. As a result, one

gets (two-dimensional or three-dimensional) images taken under different

modalities that need to be aligned. The search space is the set of all Eu-

clidean transformations, i. e., transformations that preserve length, and the

objective function is some similaritymeasure between the images. Figure 2.2

shows an example of a 3-dimensional CT image (pink) and a 3-dimensional

MRI image (green) of the human brain, obtained from [RIR14] before regis-

tration and after registration done in [Sch14] by using PSO.

In mineralogy, a variant of PSO is used to find certain mineral-melt equi-

libria, allowing for a better understanding of the behavior of magmas within

the earth’s crust ([HM06]). The chemical reactions of silicate melts depend

11
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on a large number of parameters (1000 and more) because the number of

different metal atoms can be very high. To calculate the equilibria, one min-

imizes the change in free energy. In ([HM06]), the authors successfully ap-

plied a variant of PSO to this problem.

The life time of metal machine tools can be increased by composite coat-

ings. In [RPPN09], the authors use PSO in order to optimize certain parame-

ters of the nickel-diamond composite coating process, e. g., the temperature

and the concentration of diamond particles, such that the resulting hardness

is maximized.

In Universal Mobile Telecommunications System (UMTS), a multiple ac-

cess scheme called Code Division Multiple Access (CDMA) is used. Instead

of simply sharing the bandwidth or the time, CDMA distincts users by us-

ing codes. Therefore, interference cancellation techniques are necessary. The

task to find a good interference cancellation technique can be rewritten as

an optimization problem, which is in [ZWLK09] solved using a PSO variant.

For the development of gas and oil fields, finding optimal type and lo-

cation for new wells is very important. The underlying objective function

is very complicated and can only be evaluated pointwise by computation-

ally expensive simulations. In [OD10], the authors present a PSO-based ap-

proach to solve this optimization problem.

There are many more fields in which PSO has been used successfully to

solve optimization problems originating from real world applications. This

collection gives just an impression onhowdifferent the application fields and

the underlying optimization problems are, for which PSO was the algorithm

of choice to produce good, though not optimal, solutions with reasonable

effort and time.

2.2 The Classical Particle Swarm Optimization Algorithm

The first version of a particle swarm optimization algorithm was published

by Kennedy and Eberhart ([KE95, EK95]). The algorithm was built to sim-

ulate a population of individuals, e. g., bird flocks or fish schools, searching

for a region that is optimal with respect to some hidden objective function,

e. g., the amount and the quality of food. In contrast to other popular nature-

inspiredmeta-heuristics like evolutionary algorithms (EAs) (a brief overview

over EAs can be found in Section 2.7.1), the particles of a particle swarmwork

12



2.2 The Classical Particle Swarm Optimization Algorithm

together and share information about good places rather than competing

against each other.

At each time t, each particle n has a current position Xnt and a velocity
Vnt . Additionally, every particle remembers the best position it has visited

so far. This position is called the local attractor or the private guide and is

denoted by Lnt . The best of all local attractors among the swarm is called the

global attractor or the local guide. This special position is denoted byGt and

it is visible for every particle. So, by updating the global attractor, a particle

shares its information with the remaining swarm.

For some optimization problem with objective function f : S ⊂ RD → R,
the positions are identified with search points x ∈ S and the velocities are

identified with vectors v ∈ RD. The actual movement of the particles is

governed by the following movement equations:

Vn,dt+1 = Vn,dt + c1 · rn,dt · (Ln,dt − Xn,dt ) + c2 · sn,dt · (Gdt − Xn,dt ), (2.1)

Xn,dt+1 = Xn,dt + Vn,dt+1, (2.2)

where t denotes the iteration, n the number of the particle that is moved

and d the dimension. The constants c1 and c2 control the influence of the

personal memory of a particle and the common knowledge of the swarm and

are called acceleration coefficients. Some randomness is added via rn,dt and

sn,dt , which are drawn uniformly at random in [0, 1] and all independent of

each other. The movement equations are iterated, until some fixed termi-

nation criterion is reached. Figure 2.3 gives an overview over the particles’

movement.

Figure 2.3: Particles’ movement. The new velocity depends on the old ve-

locity, the local attractor and the global attractor.

In order to prevent the phenomenon of so-called explosion, meaning that

the absolute values of the particles’ velocities grow unboundedly over time,

13
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early versions of PSOused velocity clamping ([PKB07]), i. e., whenever a com-

ponent of the velocity exceeds a certain interval [−vmax, vmax], it is set to the

according interval bound. Then, the movement equations become

Vn,dt+1 = max{−vmax,min{vmax, V
n,d
t + c1 · rn,dt · (Ln,dt − Xn,dt )

+ c2 · sn,dt · (Gdt − Xn,dt )}},
(2.3)

Xn,dt+1 = X
n,d
t + Vn,dt+1. (2.4)

Instead of using velocity clamping to avoid explosion, in [SE98] Shi and

Eberhart modified the movement equation by multiplying the previous ve-

locity with some factor χ ∈ (0, 1), called the inertia weight, leading to the

following form of the movement equations:

Vn,dt+1 = χ · Vn,dt + c1 · rn,dt · (Ln,dt − Xn,dt ) + c2 · sn,dt · (Gdt − Xn,dt ), (2.5)

Xn,dt+1 = X
n,d
t + Vn,dt+1. (2.6)

The authors could experimentally show that the performance of PSO sig-

nificantly depends on the inertia weight. Typical choices for the parameters

are

• χ = 0.72984, c1 = c2 = 1.496172 ([CK02, BK07]),

• χ = 0.72984, c1 = 2.04355, c2 = 0.94879 ([CD01]) or

• χ = 0.6, c1 = c2 = 1.7 ([Tre03]).

The standard swarm parameters for the experiments of this thesis are χ =
0.72984, c1 = c2 = 1.496172. We use this parameters for every experiment

unless the ones in which different parameters are compared and the choices

are explicitly stated.

By adjusting the parameters, it is possible to influence the trade-off be-

tween exploration, the capability to search in areas that have not been visited

before, and exploitation, the capability to refine already good search points.

The initialization of the positions is usually done uniformly at random

over some bounded search space. An alternative is presented in [RV04],

where the authors propose a method based on centroidal Voronoi tessella-

tions that should ensure that the particles are distributed over the search

space more evenly than just by random distribution. Typical initialization

strategies for the velocity are

• Random: Like the positions, the velocities are initialized randomly,
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2.2 The Classical Particle Swarm Optimization Algorithm

• Zero: All velocities are initially 0,

• Half-Diff: Additionally to the initial position Xn0 , a second point X̂n0 in

the search space is sampled. The initial velocity is then set to (X̂n0 −
Xn0 )/2.

Algorithm 1: classical PSO
input : Objective function f : S→ R to be minimized

output: G ∈ RD

// Initialization
1 for n = 1→ N do
2 Initialize position Xn ∈ RD randomly;

3 Initialize velocity Vn ∈ RD;
4 Initialize local attractor Ln := Xn;

5 Initialize G := argmin{L1,...,Ln} f;

// Movement
6 repeat
7 for n = 1→ N do
8 for d = 1→ D do
9 Vn,d := χ·Vn,d+c1·rand()·(Ln,d−Xn,d)+c2·rand()·(Gd−Xn,d);
10 Xn,d := Xn,d + Vn,d;

11 if f(Xn) ≤ f(Ln) then Ln := Xn;
12 if f(Xn) ≤ f(G) then G := Xn;

13 until Termination criterion holds;
14 return G;

Algorithm 1 gives a pseudo code representation of the PSO algorithm. Ba-

sically, this algorithm implements the commonmovement equations includ-

ing the inertia weight with two specifications: If a particle visits a point with

the same objective value as its local attractor or the global attractor, then the

respective attractor is updated to the new point. And the global attractor is

updated after every step of a single particle, not only after every iteration of

the whole swarm.

Another common variant of PSO, sometimes known as parallel PSO, only

updates the global attractor after every iteration of the whole swarm. How-

ever, due to the choice made here, the information shared between the par-
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ticles is as recent as possible. We will refer to the exact version of PSO stated

in Algorithm 1 as classical PSO for the rest of this thesis.

As long as in the experiments performed throughout this thesis nothing

else is stated, the velocity initialization strategy is Random, i. e., if the posi-

tions in dimension d are initialized over the interval [ad, bd], then we initial-

ize the velocities’ entries in dimension d uniformly at random in the interval

[−(bd − ad)/2, (bd − ad)/2].

2.3 Variants of Particle Swarm Optimization

Since its introduction in 1995, the PSO algorithm was frequently altered and

improved ([PKB07]). Researchers studied more refined versions of the PSO

algorithm voiding certain weaknesses and combined it with other methods

to form hybrid optimization methods. This section provides an overview

over some of the most important variants of PSO that have been developed.

2.3.1 Neighborhood Topologies

In the classical PSO, the particles share information via the global attractor,

which is the best solution any particle has found so far andwhich is known to

the whole swarm. That means that every particle interacts with every other

member of the swarm.

In order to better reflect social learning processes, the global attractor is

replaced by the local guide. The local guide of some particle n is the best

(with respect to the objective function f) local attractor among all neighbors

of particle n. If two particles are neighbors of each other is defined via the

so-called neighborhood topology, typically represented as a (sometimes di-

rected) graph, whose nodes are the particles andwhose edges connect neigh-

boring particles. An edge pointing from particle n1 to particle n2means that

n1 considers the private guide of n2 as a candidate for its own local guide.

The set of all the neighbors of a particle n is denoted as N (n). The velocity

update equation (Equation (2.5)) changes to

Vn,dt+1 = χ · Vn,dt + c1 · rn,dt · (Ln,dt − Xn,dt ) + c2 · sn,dt · (Pn,dt − Xn,dt ),
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2.3 Variants of Particle Swarm Optimization

where Pnt is the best position, any of the neighbors of particle n has visited

so far (with some additional convention in case of a tie). In terms:

Pnt := argmin

x∈{L̂n ′,n
t |n ′∈N (n)}

f(x).

where L̂n
′,n

t is the local attractor of particle n ′ at the time when particle n

makes its move, i. e.,

L̂n
′,n

t =

{
Ln

′
t , if n ′ ≥ n
Ln

′
t+1, otherwise.

(2.7)

Early attempts to form a neighborhood topology depending on the Eu-

clidean distance of the particles in the search space have shown bad results

([PKB07]). Therefore, the neighborhood topology is typically chosen inde-

pendent of the positions of the particles in the search space, but with respect

to the particles’ indices.

Static neighborhood topologies

Common examples from the literature for neighborhood topologies which

are static, i. e., are not changed during the optimization process, are:

• The fully connected graph, in which any two particles are neighbors.

With this topology, the PSO algorithm behaves like the classical PSO

from Algorithm 1. This topology is sometimes also called gbest topol-
ogy (global best, [MKN03]) or star topology ([Ken99]). This topology

allows the fastest distribution of information.

• The wheel topology ([Ken99]), in which one specific particle n0 is ad-

jacent to every other particle. Particle n0 acts as a kind of guardian to

slow down the distribution of information. Any improvement of some

particle has to be confirmed by particle n0 before it gets visible to the

whole swarm.

• The lbest(2k) topology ([EK95]), in which every particlen is a neighbor

of the particles n − k, . . . , n + k (where negative indices −` are iden-

tified with N − `). This topology is also called circles ([Ken99]). The
special case lbest(2) is called the ring topology. Especially for small
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k, the lbest topology delays the information distribution among the

swarm considerably.

• The grid topology, also known as vonNeumann topology ([MKN03]), in

which the particles are arranged on a 2-dimensional grid with wrap-

around edges, such that every particle has exactly 4 neighbors. This

topology is seen as a compromise between the fully connected swarm

and the ring topology.

• A random topology ([Ken99, KM02]). Instead of choosing one of the

above fixed topologies, a random neighborhood graph is generated ac-

cording to some distribution.

(a) Fully connected or gbest or

star topology

(b)Wheel topology

(c) Ring topology (d) Grid or von Neumann topol-

ogy

Figure 2.4: Some commonly used static neighborhood topologies.

18



2.3 Variants of Particle Swarm Optimization

Figure 2.4 provides a graphical representation of the different neighbor-

hood topologies. Although a particle could be excluded from its own neigh-

borhood in every of the mentioned topologies, usually each particle is set to

be part of its own neighborhood.

In somePSOvariants, the topologies occur not in the described pure forms

but as a mixture. E. g., in [Ken99], the author uses a ring topology with

additional randomly sampled shortcuts. There has been many research on

comparing the effects of the different topologies on the quality of the opti-

mization (e. g., [EK95, Ken99, KM02, MKN03]).

Dynamic neighborhood topologies

According to the literature ([EK95, Ken99, Sug99]), a denser topology in-

creases the convergence speed of the particle swarm, but reduces its capabil-

ity to explore new areas and therefore increases the risk of the swarm con-

verging towards a local but not particularly good optimum. Explorative be-

havior is desirable during the early iterations of PSO to find the area around

a good local (or maybe even the global) optimum while during the later iter-

ations, the swarm should exploit and converge towards the optimum found

in order to provide a good precision, i. e., a solution that agrees with the ac-

tual optimum in as many digits as possible. Therefore, the neighborhood

topology is in some versions dynamically changed during the runtime.

In [RV03], the neighborhood topology is initially the ring. The whole opti-

mization time is divided into certain time intervals and after the i’th interval,

every particle n adds particle n + i (where particle N + ` is identified with

particle `) to its neighborhood. The intervals are calculated such that the

swarm becomes fully connected after 4/5 of the optimization time.

In [MWP04], the neighbors of each particle are initialized randomly in

two stages. In the first stage, every particle n chooses the number |N (n)| of
its neighbors randomly between a certain minimum and maximum. In the

second stage, |N (n)| distinct particles are selected as the neighbors visible

for particle n. Note that in this setting, the neighborhood relation is not

symmetric. During the optimization, the topology is dynamically altered by

applying a mechanism called edge migration. After every iteration, one ran-

domparticle withmore than one neighbor is chosen and one of its neighbors

is selected randomly and transferred to another random particle.
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In [LS05a], the particles are partitioned into small subswarms of size three

to five. Every subswarm is fully connected, but there are no connections

between particles of two distinct subswarms. In order to enable information

exchange, the particles are periodically and randomly regrouped.

Other approaches change the topology while taking the performance of

certain particles or the whole swarm into account. The idea is to increase

the influence of successful particles compared to particles that in the past

did not contribute much to the optimization task.

In [JM05], the authors propose the Hierarchical PSO (H-PSO), a variant

in which the neighborhood topology changes depend on the success of the

different particles. The underlying neighborhood graph is a regular tree, im-

plementing a hierarchy with the best particles on top at the root. The neigh-

borhood of every particle n consists of n itself and its parent node. If after

an iteration of the H-PSO some particle n has a child with a local attrac-

tor better than the one of particle n, n exchanges its position with its best

child. This is done top-down, i. e., it is possible that one particlemoves down

several levels within one iteration, but it can move up at most one level.

In [Cle07], different variants of random neighborhood topologies are pre-

sented, which are redesigned after either a certain number of iterations or if

after a single iteration the best known solution was not improved.

While in all the variants mentioned until now only one member of the

neighborhoodwas actually chosen for the velocity update (see Equation 2.5),

there have been some attempts to provide particles with knowledge not only

from the best but from every neighbor. This idea leads to the fully informed

particle swarm (FIPS) ([MKN04]). Instead of selecting one particular neigh-

bor for the local guide, the mean of the local attractors of every neighbor is

calculated. The velocity update equation (Equation (2.5)) changes to

Vn,dt+1 = χ · Vn,dt + c1 · rn,dt · (Ln,dt − Xn,dt ) + c2 · sn,dt ·
(
L
n,d
t − Xn,dt

)
,

with

L
n
t =

1

|N (n)|
·
∑

n ′∈N (n)

L̂n
′,n

t , (2.8)

where L̂n
′,n

t is defined as in (2.7) on page 17.

Comparisons of FIPS and PSO for different neighborhood topologies can

be found in [MN04] and in [KM06]. In [JHW08], the authors introduced

the ranked FIPS, a variant of the FIPS in which the average over the local at-

tractors of all neighbors is not calculated unweighted as in Equation (2.8),
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but with weights representing the quality of the neighbors’ local attractors.

If the neighbors are sorted with increasing function value of the local attrac-

tor, then the neighbor i + 1 has a weight which is one half of the weight of

neighbor i. By normalizing such that the sum of the weights equals 1, the

weights of the local attractors of every neighbor are determined.

2.3.2 Constraints and Bound Handling

In most applications, the optimization problem is subject to certain con-
straints, i. e., not every point in RD is a feasible solution. For some objective

function f : RD → R, constraints are typically given as functions gi : RD → R,
i = 1, . . . ,mwherem is the number of constraints and the optimization task

is to find theminimum of f over all x ∈ RD with non-positive values for every

gi. Formally:

min{f(x) | x ∈ RD, ∀i ∈ {1, . . . ,m} : gi(x) ≤ 0}.

Such constraints are called inequality constraints. Some formulations also

allow equality constraints, i. e., functions hj : RD → R, which have to be

exactly 0 for every feasible solution. Note that an equality constraint h(x) =
0 can be formulated as the two inequality constraints h(x) ≤ 0 and −h(x) ≤
0. Since especially equality constraints are hard to fulfill in the black box

scenario, it is common to consider every x ∈ RD feasible if the violation of

the constraint is below a certain bound ε, which is typically set to 10−6.

In order to solve constraint optimization problems, many PSO variants

that handle such constraints have been developed. The simplest one is to

prevent infeasible points from becoming local or global attractor of any par-

ticle ([HE02b, HES03a]). This method is equivalent to setting the objective

function value f(x) to infinity for every x that violates a constraint. There-

fore, this method is sometimes referred to as Infinity.
In that sense, when using the Infinity method, all the infeasible positions

are treated equally. If the set of feasible solutions is small or disconnected,

the Infinity strategy might result in particles that are distracted from the

boundary ([Coe02]). Therefore, a generalization ([PC04]) allows to measure

the amount of constraint violation. If an infeasible search point is compared

to a feasible one, the feasible point is considered the better one. If two infea-

sible points are compared, the one with the lowest constraint violation wins.
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If the constraint functions gi are sufficiently well-behaved, and if the feasi-

ble area is small and hard to find, this mechanism can guide the particles to

search points that satisfy the constraints.

Another approach, that does not automatically insist on any infeasible

point being worse than any feasible point, is the so-called penalty mecha-

nism. In that method, the objective function is altered, such that the result-

ing optimization problem is unconstrained and has the same optimum as

the original problem. This leads to the following modified objective func-

tion F ([Coe02]):

F(x) = f(x) +

m∑
i=1

ai ·max{0, gi(x)}
α.

Note that this approach requires evaluations of f in infeasible areas and is

therefore not always applicable.

The choices of the weights ai and α are crucial. If they are chosen too

high, this method degenerates to the Infinity method. If they are chosen

too low, the global minimum of F could be an infeasible point. The right

choice of these weights depends on the objective function f. Therefore, the

Penalty method violates the black box scenario. In order to solve this issue,

in [PV02a], the penalty function is altered over time. Another variant of the

Penalty approach can be found in [OHMW11], where the private guide and

the local guide are chosen with respect to two different Penalty mechanisms.

For the case of more specific constraints, more specialized constraint han-

dling methods have been developed. For example, if the constraints are lin-

ear, i. e., if every gi has the form

gi(x) =

D∑
d=1

ai,d · xd − b,

then the linear PSO (LPSO) as introduced in [PE03] can be applied, in which

themovement equations are altered in away ensuring that every velocity is in

the null space of the matrix (ai,d)i=1,...,m;d=1,...,D. Therefore, if the positions

are feasible after initialization, they stay feasible forever. In [MS05], one can

find a comprehensive discussion and experimental results indicating advan-

tages of such a reduction of the search space dimension in comparison to

other bound-handling methods.

Maybe themost important variant of constraints are the so-called box con-
straints, which have the form

∀d ∈ {1, . . . , D} : ld ≤ xd ≤ ud,
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i. e., the range of each variable xd has a lower bound ld and an upper bound

ud. For constraint optimization problems of this form, a large number of

constraint handling mechanisms is available in the literature. Examples of

methods for handling box constraints are

• Infinity ([HE02b]): The function values for points outside the bound-

aries are set to infinity. This is equivalent to the Infinity method for

general constraints.

• Random ([HBM13]): If a particle leaves the search space, its position is

reinitialized randomly inside the boundaries. A variant is to reinitialize

only the position entries in the particular dimensions in which the

boundary conditions are actually violated.

• Absorption, also known as shrink ([Cle06a]): If at some point in time

the updated velocity would result in an updated position outside the

search space, it is scaled down by a factor such that the particle ends

up on the boundary.

• Reflect ([BF05]): The boundaries act like mirrors. If the updated ve-

locity points to a point outside the feasible area, it is reflected at the

border.

• Nearest ([Cle06a]): If a particle leaves the space of the feasible solu-

tions, it is set to the closest point inside the boundaries.

• Hyperbolic ([Cle06a]): Every component of the updated velocity is

scaled down with respect to the position and the boundaries. I. e., a

positive Vn,dt+1 is multiplied with

1

1+
Vn,dt+1

ud−X
n,d
t

and a negative Vn,dt+1 is multiplied with

1

1−
Vn,dt+1

Xn,dt −ld

.
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• Periodic ([ZXB04]): The objective function is periodically repeated,

i. e., for (x1, . . . , xD) ∈ [l1, u1]× . . .× [lD, uD] and k1, . . . , kD ∈ Z, one
sets

f((x1 + k1 ·(u1 − l1), . . . , xd + kd ·(ud − ld), . . . , xD + kD ·(uD − lD)))

:= f((x1, . . . , xd, . . . , xD)),

leading to a function that is defined at every point in RD.

• Bounded Mirror ([HBM13]): The method Bounded Mirror is a com-

bination of Reflect and Periodic. Here, the feasible search space is only

doubled in each dimension, and instead of just copying the search

space, the objective function is mirrored in order to avoid discontinu-

ities. Additionally, opposite boundaries are connected, i. e., if a particle

leaves the extended feasible search space at one boundary, it reenters

at the opposite boundary.

(a) Infinity (b) Random (c) Absorption

(d) Reflect (e) Nearest (f ) Hyperbolic

Figure 2.5: Constraint handling methods for box constraints (I).

For visualization of the different constraint handlingmechanisms, see Fig-

ure 2.5 and Figure 2.6.

Additionally to handling positions that are outside the search space, the

velocities of a particle violating the box constraints in a certain dimension

can also be altered. Typical velocity update strategies are ([HBM13]):
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(a) Periodic (b) Bounded Mirror

Figure 2.6: Constraint handling methods for box constraints (II).

• Zero: The velocity is set to 0 in the respective dimension.

• Deterministic Back: The respective entry of the velocity is multiplied

with −λ for some λ > 0. A typical value for λ is 0.5 ([Cle06a]). Deter-

ministic Back is particularly suitable to be combined with Reflect.

• Random Back: Similar to Deterministic Back, but λ is drawn uni-

formly at random from [0, 1].

• Adjust: After applying the constraint handlingmechanism for the new

position, the updated velocity is set to the difference of the new posi-

tion and the old position.

For a comprehensive study of box constraints and the influence of the dif-

ferent bound handling strategies, see [Hel10].

2.3.3 Variants of the Movement Equations

Additionally to adjusting the parameters and the neighborhood topology of

the PSO algorithm and additionally to extending the method for the case

of constraints, researchers developed variants that significantly deviate from
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the classical PSO by substantially modifying the movement equations or hy-

bridization with other methods. The goal is either to make the PSO algo-

rithm even more efficient or to further simplify it without loosing too much

of its efficiency.

Simplifying the Movement Equations

Classical PSO is already a comparatively simple algorithm. Apart from evalu-

ating the objective function, a taskwhich depending on the underlying prob-

lem might be expensive, PSO has very moderate demands for resources. For

every particle, it stores only a position, a velocity and a local attractor. The

computations inside the movement equations consist only of simple arith-

metic operations. However, there are still some variants that try to further

simplify the algorithm.

The so-called social-only PSO is run without the local attractor ([Ken97,

PC10]), i. e., c1 in Equation (2.5) is set to 0. Similarly, the cognition-only PSO

is runwithout the global attractor ([Ken97]) and behaves likeN independent

“swarms”, each consisting of 1 particle.

Another simplification is done in [Ken03], where the Bare Bones PSO is

introduced. Experiments suggest that if in the classical PSO both attractors

of a particle stay constant, then the distribution of the position of the re-

spective particle approaches a stationary distribution. So, instead of waiting

until the distribution converges, the idea of the Bare Bones PSO is to sample

the next position according to a D-dimensional Gaussian distribution with

mean in themiddle between the two attractors and standard deviation equal

to the absolute value of the difference between the attractors, which serves as

an approximation of the unknown stationary distribution. Therefore, Bare

Bones PSO maintains neither an old position nor a velocity.

Improving the Movement Equations

In some applications, especially those where the evaluation of the objective

function is expensive, performance in terms of the quality of the obtained

solution is much more important than the simplicity of the underlying al-

gorithm. Over the years, a great variety of extensions has been developed
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and experimentally tested. In most extensions, the single particles are made

smarter by making them aware of additional information or allowing them

to perform more sophisticated operations.

A standard method for improving PSO performance is parameter adapta-
tion. Instead of assigning fixed values to the swarm parameters χ, c1 and c2
from Equation (2.5), the values are changed over time either deterministi-

cally or randomly. The general idea of parameter adaptation mechanisms is

that during the early iterations, the swarm should explore larger areas while

in the end of the optimization process, the particles are supposed to con-

verge towards one common point. In order to support this behavior, several

parameter adaptation mechanisms have been developed.

The authors of [SE99] use a linearly decreasing χ. In [Fan02], a maximum

Vmax for the absolute value of each entry of the velocity, similar to the vari-

ant with velocity clamping described in Equation (2.3), but with a linearly

decreasing Vmax. In [CZS06], the value for Vmax is altered randomly after ev-

ery iteration. Even more general, in [CCZ09], the authors propose to use a

different Vn,d
max

for each particle n and each dimension d, where the Vn,d
max

are

chosen randomly and independently of each other at every iteration.

The acceleration coefficients c1 and c2 can bemade time-varying, too. The

PSO version of [RHW04] uses a decreasing c1 and an increasing c2. The

reason for that is that the larger the weight c2 of the global attractor is, the

faster is the swarm assumed to converge towards the global attractor while a

large weight c1 of the local attractor might lure the particles away from the

global attractor and therefore prevent too early convergence.

A different and more sophisticated method for parameter adaptation is

presented in [RHW10]. Here, the particles are conceptually partitioned into

several different groups, called parameter swarms. The parameters χ, c1 and

c2 are the same inside each parameter swarm but may vary between differ-

ent parameter swarms. Depending on the success of the parameter swarms,

measured as the update frequency of private and local guides relative to the

parameter swarm size, various operations are performed, e. g., parameters

are randomly altered, single particles are moved between parameter swarms

or the parameters of a parameter subswarm are reinitialized or set to the

parameters of some other, better subswarm. This mechanism enables the

particle swarm to optimize the objective function and its own parameters in

parallel. In particular, this method allows the swarm to adapt its parameters

to the exact problem instance instead of making the user of PSO find the

suitable parameters for every possible objective function.
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In order to prevent particles from stagnating, i. e., from stopping their

movement too early, sometimes a particle is given a push if its velocity’s ab-

solute value falls below a certain bound. In [RHW04], the velocity of a too

slow particle is reinitialized randomly according to a uniform distribution

over some interval [−v, v]. In [RHW10], the positions of particles with a ve-

locity too close to 0 aremutated, i. e., randomly altered, according to a Gaus-

sian distribution with the old position as its mean and a standard deviation

of c1/10.

In the field of evolutionary algorithms (an overview over the methodology

of evolutionary algorithms is provided in Section 2.7.1), mutation is a com-

mon concept. Mutation stands for a random and typically small variation of

an individual, i. e., a point in the search space. The same idea of small ran-

dom changes can be applied to positions of particles as well. By adding the

mutation operation, the movement equations obtain the form

Vn,dt+1 = χ · Vn,dt + c1 · rn,dt · (Ln,dt − Xn,dt ) + c2 · sn,dt · (Gdt − Xn,dt ) + ρn,dt ,

Xn,dt+1 = Xn,dt + Vn,dt+1,

with some ρn,dt chosen randomly according to some distribution.

In TRIBES, a swarm algorithm proposed in [Cle03], the mutation ρn,dt is

chosen according to a Gaussian distribution with mean 0 and standard de-

viation (f(Lnt ) − f(G
n
t ))/(f(L

n
t ) + f(G

n
t )).

The PSO variant from [RHW04] uses an approach where ρt equals 0 if the

global attractor has been improved during the previous iteration. Otherwise,

a particle n and a dimension d are selected uniformly at random and the

corresponding ρn,dt is chosen according to a uniform distribution over either

a fixed or a time-varying interval.

In the Guaranteed Convergence PSO (GCPSO) as introduced in [vdBE02],

ρn,dt is chosen uniformly from the interval [−p, p], where p is initially set

to 1. If the number of consecutive iterations in which the global attractor is

updated reaches a certain bound sc, then it is assumed that there is stillmuch

room for improvement and in order to accelerate the particles, p is doubled.

Similarly, if the number of consecutive iterations inwhich the global attractor

is not updated reaches a certain bound fc, the authors assume that the area

for improvement is small. Therefore, they refine the search by halving the

value of p.

Rather than just deciding about the mutation range, the information of

previous successes or failures of certain particles can be utilized even more.

In a PSO variant called TRIBES ([Cle03]), the whole neighborhood topology
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depends heavily on the successes of the particles in updating their attrac-

tors. More precisely: The particles are conceptually partitioned into different

groups called tribes. Any two particles inside the same tribe are connected,

while the interconnections between different tribes are rather loose.

After every k steps, the neighborhood topology is updated according to the

following rules. Particles are called good if they updated their local attrac-

tor during the previous iteration and tribes are called good if they contain

at least a certain percentage of good particles. Since good tribes are already

successful, they lose their worst particle, i. e., the particle with the worst lo-

cal attractor among all particles in the tribe is discarded and its connections

to other tribes are redirected to the best particle of its tribe. Since the bad

tribes might need some assistance, but the information inside such tribes is

not considered very valuable, every bad tribe generates a new particle that is

initialized completely independent of its father tribe. All the particles pro-

duced this way form a new tribe and each of the new particles is connected

to the best particle of its father tribe. The TRIBES algorithm is started with

just a single tribe consisting of only one particle.

A further advanced successor of TRIBES can be found in [RHW10], where,

amongst other modifications of the original PSO like parameter adaptation

and mutation, every subswarm has a leader, which is the particle with the

best local attractor. The leaders see each other and are seen by their respec-

tive subswarms but they do not see the information of their subswarms, i. e.,

the neighborhood topology is not symmetric. EveryN iterations, the swarm

is adapted, i. e., the particles are treated according to their success during the

previous two iterations.

If a particle did not update its local attractor during both previous itera-

tions, it is deleted. If the most recent attractor update of a particle was two

iterations ago, then with probability s, its velocity is reinitialized. Otherwise,

its position and velocity are set to the respective values of its subswarm’s

leader and a mutation is performed. Here, s is a parameter that decreases

over time from 1 to 0. If a particle updated its local attractor during the

previous iteration, but did not overcome the best local attractor among all

particles inside its subswarm, no changes happen to it. If a particle even

found the best position of all particles inside its subswarm, this particle is

doubled.

Similar to TRIBES, a subswarm inwhich at least a share of s/2 particles up-

dated their local attractors during the previous two iterations is called good

and looses its worst particle. The only exception from this rule is the case

when a subswarm consists only of its leader and this particle happens to have

29



2. Particle Swarm Optimization: State of the Art

the best local attractor among all leaders. Then, this particle survives. Again

similar to the mechanism in TRIBES, subswarms that are not good are called

bad and produce a new particles. All the particles born this way form a new

subswarm together. Different from TRIBES, there are no direct connections

between a generated particles and its father subswarm, only the new leader

is connected with all other leaders.

Although they sometimes substantially modify the PSO algorithm, the

previously mentioned extensions of PSO all preserve the movement equa-

tions. However, there are some variants that completely reinterpret them and

therefore alter the core of PSO. Since the coordinate dependent formulation

of the movement equations sometimes yields undesirable behavior, e. g., a

great amount of movement in some dimensions and almost no movement

in others, the authors of [BML14] attempt to improve performance by apply-

ing a random rotation in every dimension. In [HNW09], the authors take

control over the convergence speed by normalizing the velocity to the length

v, where v is a parameter that gets doubled or halved if after a certain number

of iterations the number of attractor updates is sufficiently high, respectively

sufficiently low.

In [Cle03], the movement equations are completely replaced by the so-

called pivot method. The particles no longer have a velocity and the new

search point is calculated as follows. Let R be the distance between the lo-

cal and the private guide of a particle. Then, one point Pp inside the ball

of radius R around the private guide and one point Pl inside the ball with

the same size around the local guide are sampled. The new position is the

weighted mean of Pp and Pl with weights depending of the function value at

the local and the private guide.

Quantum PSO (QPSO) as introduced in [SFX04] is another variant which

substantially modifies the movement equations by transferring the idea of

PSO from newton mechanics to quantum mechanics. The resulting move-

ment equations of the QPSO are

pnt = (c1 · Lnt + c2 ·Gnt )/(c1 + c2), (2.9)

`n,dt = ±β · |Xn,dt − pn,dt |, (2.10)

Xn,dt+1 = pn,dt + `n,dt · ln(1/rn,dt ), (2.11)

where c1, c2 and β are positive parameters and the rn,dt are uniformly and

independently distributed over [0, 1]. The sign in Equation (2.10) is also de-
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cided uniformly at random every time the equation is applied. In [dSC08],

Equation (2.10) was replaced by

`n,dt = ±β · |Xn,dt −Mbest
d
t |,

where Mbestt is the mean of all local attractors. This version of QPSO can

be seen as a Fully Informed QPSO (see Section 2.3.1).

Additionally to modifying the PSO algorithm itself, there is a great vari-

ety of hybrid algorithms, consisting of PSO and some other method, which

can as well be another nature-inspired algorithm like an evolutionary algo-

rithm ([GAHG05]), a classical mathematical method like the Quasi-Newton

method ([LS05b]) or a special algorithm designed for a specific application

like the back-propagation algorithm which is used for training neural net-

works ([ZZLL07]).

2.4 Multi-Objective Particle Swarm Optimization

Many applications are subject to not only one but several objective func-

tions, e. g., in hardware design, cost should be minimized while at the same

time reliability should be maximized. In such a situation, there is not one

single optimum since improving one objective typically worsens some other

objective. Therefore, the task of optimization becomes more complicated.

The goal is to provide a set of preferably different and “good” solutions to

show the possible trade-offs between the different objectives for an external

decision maker. A comprehensive survey about multi-objective PSO can be

found at [SC06].

2.4.1 Multi-Objective Black Box Optimization

Formally, a multi-objective black box optimization problem is represented as

a function f = (f1, . . . , fk) : S ⊂ RD → Rk. The image of S under f is called

the objective space of the problem. Similar to the single-objective black box

optimization problem, the function f can only be evaluated pointwise. With-

out loss of generality, one can assume that each fi is to be minimized. Figure

2.7 gives a graphical representation of the described situation.
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Optimization

Method

Objective function

(Black box)

Figure 2.7:Multi-objective black box optimization.

An important concept for comparing the quality of different values from

the objective space is the so-called dominance. For y1, y2 ∈ Rk, we say that

y1 weakly dominates y2 (y1 4 y2), if y1 = (y11, . . . , y
k
1) is componentwise less

or equal to y2 = (y12, . . . , y
k
2). In terms:

y1 4 y2 :⇔ ∀i ∈ {1, . . . , k} : yi1 ≤ yi2.

In this case, y1 is at least as good as y2 for the purpose of optimization.

Having y1 better than y2 requires additionally, that y1 is strictly less than y2
in at least one component, in terms:

y1 ≺ y2 :⇔ (
∀i ∈ {1, . . . , k} : yi1 ≤ yi2 ∧ ∃i ∈ {1, . . . , k} : yi1 < y

i
2

)
In that case, we say that y1 dominates y2. If neither of the points y1 and

y2 weakly dominates the other, i. e., if there are i1, i2 ∈ {1, . . . , k}, such that

yi11 < y
i1
2 and yi21 > y

i2
2 , y1 and y2 are called incomparable. To shorten no-

tation, we say that a search point x1 (weakly) dominates or is incomparable

with a search point x2, if f(x1) (weakly) dominates, respectively is incompa-

rable with f(x2). A search point x∗ ∈ S is called Pareto optimal, if there is

no x ∈ S with f(x) ≺ f(x∗). The set of all Pareto optimal points is called the

Pareto optimal set. The image of the Pareto optimal set is called the Pareto
optimal front or for short Pareto front. Figure 2.8 illustrates the concept of

Pareto dominance.

Approximating the Pareto optimal set is the main goal of multi-objective

optimization. A solution A ⊂ S, i. e., a set of search points, is generally con-

sidered a good approximation of the Pareto optimal set if the points inside

A are close to the true Pareto optimal set and if they are not too close to

each other, i. e., if they have a certain spread and diversity. In particular, a

typical requirement for A is to consist only of points that do not dominate

each other.
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Pareto front

Figure 2.8: Example of a 2-dimensional objective space. The gray area in-

dicates the set of all points in the solution space dominated by

f(x4), i. e., f(x4) dominates f(x5) = f(x6) and f(x7). x1 and x2
are Pareto optimal, therefore their function values are not dom-

inated by any other point. f(x3) is also not dominated by any

of the other drawn points. From the given point set, the non-

dominated points f(x1), f(x2) and f(x3) form the best approxi-

mation of the Pareto front.

2.4.2 PSO for Multi-Objective Black Box Optimization

An early approach for solving multi-objective optimization problems using

PSO can be found in [PV02b], where the authors rewrite the multi-objective

problem as several single-objective problems. This is done by constructing a

weighted sum F of the objective functions, in terms:

F(x) :=

k∑
i=1

wi · fi(x).

For every choice of positive wi, i = 1, . . . , k, the minimum of F is Pareto

optimal with respect to f. In order to achieve a good approximation of the

Pareto optimal set, the PSO algorithm is restarted with different choices of

the weights wi.

Most multi-objective PSO (MOPSO) variants are explicitly aware of the

underlyingmulti-objective problem structure. Such variants need additional

mechanisms to take care of multiple incomparable function values, in par-

ticular the decision about updates of attractors. It is clear that if a new search
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point dominates the local attractor of some particle, then the attractor is up-

dated. If on the other hand the local attractor dominates the new search

point, its old value is kept. For the case of incomparability between the

local attractor and the new search point, different strategies are known in

the literature. Some are easy and natural like picking one of the two val-

ues randomly ([Coe02]) or deterministically keeping the old local attractor

([HE02a, MT03, BM06]) or updating the attractor to the new search point

([ABEF05, BM06]). Another strategy proposed in [BM06] is to decide with

respect to the sum of all objective values.

Other variants ofMOPSO allow each particle to have a list of pairwise non-

dominated search points as local attractor list instead of just one point. In

that case, we need a strategy to select one point of the list in order to apply

the movement equations. This decision can be done uniformly at random

([MC99, BM06]). A collection of other, more refined methods is presented

and experimentally evaluated in [BM06]. Here, just the basic ideas are re-

peated.

For instance, one could choose the point from the list that is closest to the

global attractor (after applying some strategy to decide which point serves

as global attractor). Since a good solution of a multi-objective optimization

problem consists of a set of points with a certain diversity, convergence of

the swarm towards a single search point is not desired. In order to keep the

diversity up, some variant calculates the distances between the points in the

local attractor list of particle n and the positions of the closest other parti-

cles. The point that maximizes this distance is chosen as the local attractor.

Another similar criterion is to pick the point Lnt from the list that maximizes

the weighted sum of the objectives, where the weights are proportional to

the objective values of the current position. In terms, the weighted sum is

formulated as follows.

k∑
i=1

fi(X
n
t )∑k

j=1 fj(X
n
t )︸ ︷︷ ︸

=:wi

fi(L
n
t ).

Note that the fi are assumed to be positive here. The idea of this method is

to choose the point that is the closest to the current position in the objective

space (not in the search space) and therefore make the particles maintain a

certain diversity. Another strategy works similar to the idea of the FIPS from

Section 2.3.1, i. e., the local attractor is replaced by the mean of all points in

the local attractor list.

34



2.4 Multi-Objective Particle Swarm Optimization

A completely different approach is to discard the local attractor completely

and to use only the global attractor ([BM06]).

The selection of the global attractor, respectively the local guide, is crucial

for the success of theMOPSO because of its two opposite goals, namely find-

ing points as close as possible to the Pareto optimal set and therefore being

able to decrease the movement of the swarm, but at the same time finding

a diverse variety of points to reflect a large part of the Pareto optimal set. In

most PSO versions, the concept of neighborhood topology is dropped and

the possible global attractors, i. e., all points visited by a particle that are not

dominated by any other already visited point, are stored and maintained in

a global archive.

One exception is the version proposed in [MC99], where the local guide is

chosen randomly from the non-dominated subset of the union of all private

guides from neighboring particles ([MC99]). Of course, choosing at ran-

dom from the global archive is also possible. This idea is further refined in

[Coe02] by taking the distance of the search points’ function values in the

objective space into account. If two members of the set of potential global

attractors yield too close objective values, then their probability to be chosen

is decreased.

In order to maintain the diversity, it is desirable to choose the point from

the archive that is closest to the current position with respect to some dis-

tance measure over the objective space. In [MT03], the authors propose a

PSO based on such a distance measure, which they call the σ-method. They

define the difference between two search points x and y as the Euclidean

distance ‖σ(f(x)) − σ(f(y))‖2 between the respective σ-values, defined as

σ(f1(x), . . . , fk(x)) =

(
(fi(x))

2 − (fj(x))
2∑k

`=1(f`(x))
2

)
1≤i<j≤k

.

Another approach relying on distance in the objective space and specifically

designed for the case of k = 2 objectives can be found in [HE02a]. Here,

the authors select the global attractor for particle n by taking only the m

particles which have the closest f1-value into account and selecting the one

with the best f2-value.

Most of the approaches based on weighted sums or distance in the ob-

jective space lead to irregular behavior if the multi-objective optimization

problem that is to be solved contains objective functions with very hetero-

geneous scales. E. g., if f1 is orders of magnitude higher than the other ob-

jective functions, then a weighted sum will prefer points with lower f1-value
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and also the σ-method degenerates to measuring the distance of the respec-

tive f1-values. Therefore, in [ABEF05], the authors propose three different

strategies for determining a global attractor out of the global archive that are

solely based on dominance and therefore not susceptible to differences in

the scales of the objective functions. These strategies are

• ROUNDS: Among the points of the archive that dominate at least one

current positions of the swarm, the one that dominates the smallest

number of current positions is determined. Then, this entry of the

global archive is randomly assigned as the global attractor to one of the

particles it dominates. From the remaining archivemembers, again the

one dominating the smallest number of current positions is selected

and randomly assigned and so on. This is repeated until every particle

has a global attractor. If there are too few entries in the archive to pro-

vide each particle with a global attractor, a new round starts with the

remaining particles where the entries have the chance to be assigned

to another particle. The idea here is to prefer entries that are in sparse

regions of the objective space.

• RANDOM:Every particle selects uniformly at randomone of the points

in the archive that dominates its current position. If there is no such

point, e. g., if the current position of the particle is in the archive, the

particle selects uniformly at random a point from the complete archive.

• PROB: Similar to RANDOM, but the probability for selecting a specific

entry a of the archive is proportional to 1/Na, whereNa is the number

of particles with a current position dominated by a.

2.5 Particle Swarm Optimization for Discrete Problems

Although the method is originally invented to handle continuous search

spaces, i. e., search spaces S ⊂ RD, some authors proposed PSO versions

designed to handle optimization problems over discrete search spaces. Such

problem settings require a fundamental reinterpretation of the movement

equation because operations likemultiplying the difference between two po-

sitions with a random number do not necessarily yield a feasible point in the

discrete search space.
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An early discrete PSO version is the binary PSO ([KE97]), designed to han-

dle optimization problems over the search space S = {0, 1}D. In the classical

PSO, the velocity of a particle represents a move, i. e., the difference between

the previous and the updated position, which here only has a discrete range

of values. The binary PSO understands the velocity as a probability, without

changing the velocity update as defined in Equation (2.5). Instead of apply-

ing Equation (2.6) for the position update, each component of the velocity

is mapped into the real interval [0, 1] by some transformation T and Xn,dt+1,

the d’th entry of particle n’s updated position, is set to 1 with probability

T(Vn,dt+1). Otherwise, Xn,dt+1 is set to 0.

A more general approach for a search space of the form S = {0, . . . ,M −
1}D is proposed in [VOK07]. Here, instead of applying Equation (2.6) for

calculating the updated position, the authors sample a value from the real

interval [0,M − 1] according to a distribution depending on Vn,dt+1 for every

particle n and every dimension d. This value is then added to Xn,dt and the

result is rounded in order to obtain an updated position entry in {0, . . . ,M−
1}.

Structurally even more different from RD than the previously mentioned

discrete search spaces is the space of all permutations, which is the search

space of, e. g., the Traveling Salesperson Problem (TSP). Not only the opera-

tion of “multiplying” a search point, i. e., a permutation, with a real number,

but also calculating the difference between two positions, e. g., the current

position of a particle and its local or global attractor, require a redefinition.

In [Cle04], a PSO version for solving the TSP and therefore for working

over the space of permutations is introduced. The positions of the particles

are seen as permutations and the velocities are identified with sequences of

transpositions, i. e., sequences of exchanges of two elements. The difference

between two positions x and y is a permutation that transforms x into y.

Since that way the “difference” is not uniquely defined, not even if we ad-

ditionally demand a shortest sequence of transitions transforming x into y,

the authors state an algorithm for calculating such a sequence and define

the difference as whatever the algorithm outputs. Two such transition lists

are “added” by simple concatenation. A velocity is added to a position by

applying the velocity-permutation to the position. Multiplying the velocity

with some factor c ∈ R works as follows. If c ∈ [0, 1] and Vnt consists of |Vnt |

transpositions, then c · Vnt is defined as the first bc · Vnt c entries of Vnt . If

c has the form k + c̃ with k ∈ N and c̃ ∈ [0, 1], then c · Vnt consists of k

concatenated copies of Vnt , followed by c̃ ·Vnt . Finally, a velocity is multiplied

with −1 by inverting the order of the transpositions.
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Another, even more refined version of a PSO for permutation problems

can be found at [SLL
+
07]. Although both variants are made for the TSP,

they can without further changes be applied to any optimization problem

over the permutation space.

There is a broad variety of other discrete PSO variants, most of them spe-

cific to a certain problem. For instance, the n-Queens-Problem is the prob-

lem to place asmany queens as possible on a chess board of sizeM×Mwith-

out any two queens attacking each other, i. e., no two queens can be placed

in the same row, the same column or on the same diagonal. This problem

has been addressed with a PSO variant in [HES03b]. Another example for

a combinatorial optimization problem solved by a discrete PSO variant is

the single-machine total weighted tardiness scheduling problem ([AP09]), an

optimization problem where the task is, roughly speaking, to schedule jobs

with a fixed duration and a fixed deadline to a machine, such that as many

of the jobs as possible are finished before their deadlines end.

2.6 Theoretical Results about Particle Swarm Optimization

Since PSO has empirically shown great successes in many applications, re-

searchers have tried to understand the behavior of the particle swarm. It

turns out that formally analyzing the two innocent looking movement equa-

tions from Equation (2.5) and Equation (2.6) is a great challenge because

of the stochastic nature of the algorithm and the interactions between the

particles. Therefore, formal results known in the literature are typically sub-

ject to simplifying assumptions or analyze a restricted version of the PSO

algorithm.

In order to simplify the swarm dynamics, one assumption generally made

is that the global and local attractors are constant ([OM99, CK02, YII03,

Cle06b, PB07]). Under this assumption, we can see from the movement

equations (Equations (2.5) and (2.6)), that different dimensions and differ-

ent particles are stochastically independent, so it is sufficient to just analyze

one particle in one dimension. Furthermore, in early analyses the random

nature of the PSO algorithm is neglected for further simplification. Instead,

it is assumed that all the random variables rn,dt and sn,dt are constant.

In [OM99, YII03], the authors calculate characteristics of the trajectories

of such a deterministic PSO with constant attractors. If local and global at-
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tractor of a particle are identical, then the trajectory of the particle has the

form of a sine wave around the attractor. A generalization of the trajectory

analysis where the time is considered continuous rather than discrete as in

the classical, iteration based PSO can be found in [CK02]. Analyses on the

characteristics of the trajectories for the classical randomized PSO can be

found in, e. g., [Cle06b, PB07]. Here, one goal was to provide sufficient con-

ditions on the parameters χ, c1 and c2 to prove that under the given assump-

tions a swarm does not explode, i. e., accelerate beyond every bound and

move arbitrary far away from its attractors. In particular, the desired behavior

of a particle swarmwith well chosen parameters is that, given both attractors

are located at the same point, the particles converge towards this point. For

an overview over the most important results about trajectory analysis, see

[vdBE06].

In [KSF06], the authors choose a different approach and calculate suffi-

cient conditions for the randomized PSO to behave asymptotically stable in

the sense of Lyapunov stability of passive systems.

Another major field for theoretical investigations of the PSO algorithm is

the development of parameter selection guidelines for χ, c1 and c2 by study-

ing the expectation, the variance and higher moments of the particles’ po-

sitions. Again, such examinations are limited to the case of constant attrac-

tors. Based on the analysis of the deterministic PSO in [Tre03], the authors of

[JLY07b, JLY07a] calculated sufficient conditions for the parameters to avoid

explosion, the phenomenon of velocities increasing beyond all bounds. They

could prove that if certain restrictions on the parameters hold, the expecta-

tion and the variance of each particle’s position converge towards a value de-

pending on the location of the local and the global attractor. Furthermore,

if the local and the global attractor are identical, then the expected position

converges towards the attractors and its variance converges towards 0. The

details of their results will be presented in Section 3.5.

The results from [JLY07b, JLY07a] have been generalized to other PSO

variants and higher moments. The generalizations can be found in, e. g.,

[PBBK07] and [Pol08].

The finite element method ([PLCS07]) is a completely different approach

for simplifying the analysis of continuous optimization methods. The finite

element method works as follows. First, the continuous search space S is

partitioned into finitely many disjoint subspaces (Si)i=1,...,M, e. g., a cube-

shaped search space could be partitioned into a grid of subcubes ([PL07]).

Then, the algorithm is discretized by only allowing the objective function

evaluation from the centers of the Si. In [PL07], this is done for the Bare
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Bones PSO (see Section 2.3.3), where the updated position of a particle is

chosen according to somedistribution, depending on the local and the global

attractor. In order to apply the finite elementmethod, the originally continu-

ous update distribution is altered in order to guarantee that the next position

is again in the center of some subcube Si. The resulting discrete system is

easier to analyze. By choosingM large, one hopes for a good approximation

of the continuous situation.

There are indeed some completely rigorous results that do not rely on ad-

ditional assumptions. In [HW08], it is proved without further assumptions

that for a box-constrained search space with a high dimension D, all the

particles of the swarm leave the feasible area with overwhelming probabil-

ity, i. e., with probability 1 − e−Θ(D)
. For the binary PSO (see Section 2.5),

the authors of [SW08] provide various runtime results, e. g., a general lower

bound of Ω(D/ log(D)) for every function with a unique global optimum

and a bound of Θ(D · log(D)) on the function ONEMAX, defined as

ONEMAX((x1, . . . , xD)) =

D∑
d=1

xd.

Furthermore, there are some negative results, for which a quick overview is

given here. See Section 3.5 for the full details. Many work in the literature

addresses the phenomenon of so-called stagnation, which occurs when

X1t = L
1
t = . . . = X

N
t = LNt = Gt = z, V1t = . . . = VNt = 0,

i. e., when all particles and attractors are at the same point z and all veloci-

ties are zero. Once in this situation, the swarm stops its movement, no mat-

ter how good or bad f(z) really is. Therefore, so the claim, PSO cannot be

considered an optimizer ([PE03, Wit09, vdBE10]). To resolve this issue, in

[Wit09], the GCPSO (see Section 2.3.3) is examined instead, and a runtime

result for the GCPSO with only a single particle, optimizing the objective

function SPHERE is provided.

Another, yet more refined negative result is presented in [LW11]. Here, the

authors state that even if the swarm is not in the previously mentioned state

of stagnation, it might under certain conditions converge towards a non-

optimal point in the search space and therefore the hitting time for any suf-

ficiently small neighborhood of the optimum has an infinite expectation. In

particular, that happens frequently if the swarm sizeN is 1. Their argument

will be repeated in detail in Section 3.5. As a consequence, they propose the
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so-calledNoisy PSO, a PSO variant that adds a small randomperturbation to

the velocity at every step. The authors of [LW11] prove that under some con-

ditions on the parameters χ, c1 and c2, and for the 1-dimensional objective

function SPHERE
+
, defined as

SPHERE
+(x) :=

{
x2, if x ≥ 0,∞, otherwise,

the expected time until the Noisy PSO hits the ε-neighborhood of the opti-

mum at 0 is finite.

2.7 Other Nature-Inspired Meta-Heuristics

Additionally to the swarm behavior of bird flocks and fish schools, other

phenomena from the nature have been studied in order to build further

nature-inspired black box optimization methods. Examples are manifold.

Most heuristics try to simulate and utilize the capabilities of certain ani-

mals like, e. g., the foraging strategy of honey bees ([LT01]), the capability of

fireflies to lure potential mates to their position by producing light flashes

([Yan09]), the echolocation of bats ([Yan10]) and the brood parasitic behav-

ior of cuckoos ([YD09]).

Other heuristics are based on physical phenomena. For instance, the algo-

rithm Simulated Annealing (SA) ([KGV83, SK06, BSMD08]) is based on the

behavior of metal slowly cooling down and reaching a stable state of min-

imal energy. Another meta-heuristic is the so-called Harmony Search, an

algorithm based on the improvisation of a music player.

In the following, two of themost popular nature-inspiredmeta-heuristics,

namely EAs and ant algorithms (AAs) are briefly described.

2.7.1 Evolutionary Algorithms

The wide class of evolutionary algorithms is inspired by Darwin’s theory

about biological evolution. A population of individuals, each one represent-

ing a point in the search space, compete against each other and only the

“best” survive and reproduce. Concrete representatives of this scheme can

be found in, e. g., [SP97, BS02, MS96].
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The Evolutionary Cycle

In general, an EA works according to the so-called evolutionary cycle, as de-
scribed in the following and visualized in Figure 2.9. For some fixed param-

eters µ (the population size) and λ (the offspring size), µ individuals are

randomly initialized over the search space. Then, amating selectionmethod

is applied in order to select λ pairs of individuals as parents of the next gener-

ation. The selection is done taking into account the objective function value

obtained by the respective individuals, i. e., the better an individual’s func-

tion value is, the higher are its chances to become a parent. Many concrete

selection methods are known. For example, rank-based selection calculates

the ranking of the individuals according to their objective function values.

Then, 2 · λ times an individual is selected randomly and with a probability

distribution depending on the rank, i. e., the best individual gets the highest

probability. Another example is the tournament selection, where 2 · λ times

a subset of two or more individuals is chosen uniformly at random from the

population and the best individual of the chosen subset is selected for mat-

ing. Note that usually the individuals of an EA have no gender and are not

monogamous.

After having the parents selected, the next generation, called the offspring,
is created from the parents according to a cross-over operator S×S→ S. This

operator heavily depends on the structure of the search space S. The idea is

to combine the strengths of two already good parent individuals in order to

create an even better individual, having the advantages of both its parents.

In order to maintain a certain diversity inside the population, a mutation
operator is applied to the offspring. Typically, the mutation is done randomly

and with a small standard deviation, such that the change of the individual

is low. The reason for this is that the child is supposed to have as much in

common with its parents as possible.

After the mutation, there are µ + λ individuals in the population. Since

a constantly growing population is undesirable, a second round of selection

is applied, the so-called environmental selection. Basically, similar selection

operators as in the parental selection can be used to select µ out of the λ+µ
individuals. If the surviving individuals are chosen only out of the offspring,

the EA-variant is called (µ, λ)-EA. If on the other hand the individuals of the

parent generation also have a chance to survive, then the variant is called

(µ+ λ)-EA.
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Termination? Initialization

Environmental selection Parent selection

Mutation
Offspring creation

(cross‐over)

Figure 2.9: The evolutionary cycle.

In order to prevent the population from general worsenings, sometimes

an additional mechanism called elitism is applied, which means that the

one individual with the best objective function value among the population

is selected to survive automatically.

If after the environmental selection no termination criterion is reached,

the cycle is started again with the parental selection phase.

Theoretical Results about Evolutionary Algorithms

An important difference between EAs and PSO is that an EA can still be

effective with only a single individual, while, as stated in Section 2.6, PSO

with only one particle does not optimize anything. Therefore, researcher

started formal investigations on the (1 + 1)-EA, i. e., a simplified variant of

the EA with a population consisting of only one individual. Consequently,

the (1 + 1)-EA does not contain any cross-over mechanism. Instead, the
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offspring to mutate is just a copy of the individual. After mutation, instead

of a randomized environmental selection from the original and the mutated

individual, the one with the best objective function value survives determin-

istically. The basic pattern of the (1+ 1)-EA is stated in Algorithm 2.

Algorithm 2: (1+ 1)-EA
input : Objective function f : S→ R to be minimized

output: X ∈ S
// Initialization

1 Initialize individual X ∈ S randomly;

2 repeat
3 X ′ := mutate(X);
4 if f(X ′) < f(X) then
5 X := X ′;

6 until Termination criterion holds;
7 return X;

For such a simplified EA and certain search space structures and objective

functions, rigorous runtime bounds can be proved. In [DJW02], the authors

study a (1+1)-EA for optimizing functions over the search space {0, 1}D. The

mutation operator of their EA flips each entry of the individual X ∈ {0, 1}D

independently and with probability 1/D. A number of runtime results are

proved. The expected time of the (1+1)-EA for finding the global optimum,

in the following called the expected optimization time, is at mostDD, since

mutating any position X into any other position X∗, in particular with X∗

as the global optimum, has probability at least D−D
. The authors provide

examples of objective functions for which the expected optimization time is

indeed Θ(DD). On linear functions, i. e., functions of the form

f(x) =

D∑
d=1

wd · xd,

the (1 + 1)-EA is proved to have an expected optimization time of Θ(D ·
log(D)). Furthermore, if the mutation probability is altered by more than a

constant factor, also the expected optimization time increases by more than

a constant factor. Therefore, the choice ofmutation rate is optimal for solving

linear objective functions.

The optimization problems over {0, 1}D are to some extent artificial and far

away from real world problems. Therefore, the actual point of the analysis of
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an (1+ 1)-EA is not the resulting runtime bound on its own. Significant are

the underlying techniques that can be generalized to analyze EAs in different

andmore general situations. In [STW04], EAs for sorting are presented. The

authors study different objective functions and mutation operators for the

respective problem. The resulting runtime bounds for sorting n elements

with an EA range from Θ(n2 · log(n)) to an in n exponentially increasing

lower bound, depending on the exact choice of the objective function mea-

suring the “sortedness” of unsorted sequences and the choice of themutation

operator.

Further examples for combinatorial optimization problems, which can be

solved with an EAwithin certain, formally proved time bounds, are the single

source shortest path (SSSP) problem ([STW04]), the maximum matching

(MM) problem ([GW03]) and the minimum spanning tree (MST) problem

([NW08]).

In [Jäg03], one can find an attempt to analyze (1+ 1)-EAs for continuous
objective functions RD → R. The author presents a version of the (1+ 1)-EA
with an adapted mutation operator, where, roughly speaking, the variance

of the mutation is altered depending on the success of the algorithm. For

functions that behave like the Euclidean distance to some point o ∈ RD, i. e.,
for functions f satisfying

|x− o| < |y− o|⇒ f(x) < f(y),

the author proves that the time for halving the distance between the indi-

vidual and the global minimum o is linear in D.

2.7.2 Ant Algorithms

Ant algorithms are inspired by the famous double bridge experiment of Goss

et al. ([GADP89]). A colony of Argentine ants was set into an artificial envi-

ronment consisting of their nest and a food source which could be arrived via

two different ways with different lengths. The situation is shown in Figure

2.10. In the beginning, the ants randomly decide for one of the two paths

since the colony has no information obtained yet. While moving along the

path, each ant emits pheromones, marking the path it has chosen. The ants

that have decided for the shorter path arrive at the food source first andmost

likely take the same way back to the nest because until the other group also

arrives at the food source, the pheromones are only on the shorter path.
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When the ants that decided for the longer path finally arrive at the food

source, they sense a higher concentration of pheromones on the shorter path

than on the longer path because the shorter path is already traversed and

marked twice. As more time passes and the ants go several rounds to the

food source and back, the intensity difference between the pheromone val-

ues on the two ways further increases and the shorter path becomes more

and more attractive. In the end, only very few ants use the longer way while

the vast majority prefers the shorter path.

Nest
Food

Source

(a) At the beginning: Ants moving along

one of the two paths.

Nest
Food

Source

(b) After some time: Most ants moving

along the shorter path.

Figure 2.10: The double bridge experiment.

This capability of ants to find the shortest way to the food source has been

modeled in order to create an optimization algorithm for the TSP ([DG97]).

The resulting ant algorithm works as follows. Every edge {i, j} of the input

graph G is assigned a pheromone value τi,j, which is initialized with some

positive value. The pheromone values represent the memory of the colony.

High pheromone values indicate a high probability for the ants to select the

respective edge again. Additionally, every edge {i, j} has a certain visibility
ηi,j, also called heuristic information, a value that determines how attractive

an edge is for the ants, without taking pheromones into account. A typical

choice is ηi,j = 1/di,j, where di,j is the length of edge {i, j}.

Then, until some termination criterion holds, the following simulation

of ants’ behavior is repeated: The colony of N ants is placed on the nodes

of the graph, e. g., all the ants can be placed on the same node or a different

node could be selected randomly for every ant. The variable πk describes the

partial tour that ant k has already traveled. At the beginning of the tour, πk
contains only the starting node of ant k. As long as the tour is not complete,
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every ant k selects its next node randomly. If the current node of ant k is

node i, then it moves to node j with probability p
(k)
i,j , defined as

p
(k)
i,j :=


(τi,j)

α · (ηi,j)β∑
s/∈πk(τi,s)

α · (ηi,s)β
if j /∈ πk

0 otherwise,

(2.12)

where α and β are positive constants controlling the influence of τ and η.

Typical choices are α = 1 and β = 2 ([DG97]). When the ants have com-

Algorithm 3: Ant algorithm
input : complete graph G = (V, E) with n nodes and edge weights di,j

for {i, j} ∈ E
output: ordering π of the nodes of G

1 for {i, j} ∈ E do
2 Initialize τi,j ; // initialize pheromone values
3 Calculate ηi,j ; // calculate heuristic information

4 repeat
5 for k = 1→ N do
6 Initialize πk ; // initialize ants’ tours

7 for ` = 2→ n do
8 for k = 1→ N do
9 Set i := πk(`− 1);

10 Choose j ∈ V with probability p
(k)
i,j as defined in Equation

(2.12);

11 Set πk(`) := j;

12 Update τ according to Equation (2.13);

13 until Termination criterion holds;
14 return Best πk;

pleted their tour, the pheromone values are updates via the equation

τi,j := ρ · τi,j + ∆τi,j, (2.13)

where ρ ∈ (0, 1) is the pheromone decay parameter, describing how much

of the pheromone vanishes during one tour of the ants. The value ∆τi,j de-
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scribes, by how much the pheromone value of edge {i, j} is increased by ants

moving over it. One example for a concrete choice of ∆τi,j is ([DG97])

∆τi,j =

N∑
k=1

∆τ
(k)
i,j

with

∆τ
(k)
i,j =

{
1/L(k) if edge {i, j} is traversed by ant k,

0 otherwise,

where L(k) is the length of ant k’s tour. When the termination criterion holds,

the algorithm is stopped and the best tour visited by any ant is returned.

An algorithmic overview over the ant algorithm can be found in Algo-

rithm 3. For an overview over variants of the ant algorithm for binary prob-

lems, including some theoretical runtime results, see [NSW09].
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The main goal of this chapter is to provide a reformulation of the classical

particle swarm optimization (PSO) algorithm under a mathematical point

of view by describing it as a real-valued stochastic process. Additionally, we
discuss previous results in the light of this newmodel and formally introduce

drift theory as a mathematical tool for obtaining runtime results.

In the first section, we briefly recall some mathematical basics of proba-

bility theory, with strong emphasize on the situation of the standard contin-

uous black box optimization problem and differences to the discrete, com-

binatorial situation.

In the second section, we recall a strong negative result in the area of com-

binatorial optimization, namely the No Free Lunch (NFL) Theorem. The

statement of the NFL Theorem is, roughly speaking, that on average over

all possible combinatorial optimization problems, any two algorithms have

the same performance. In particular, that means that without at least some

knowledge about the objective function inside the black box, no method is

better than just randomly guessing search points. However, it turns out that

this result does not hold in the continuous setting.

In the third section, we introduce drift theory, an important tool for ob-

taining runtime results about evolutionary algorithms solving combinato-

rial optimization problems, which we adapt to the specific situation of PSO.

Roughly speaking, if some process is on expectation decreasing by a certain

amount, drift theory allows for bounds on the expected time until the pro-

cess hits, e. g., the value 0. Sincemost drift theorems from the literaturemore

or less implicitly rely on the combinatorial structure of the search space, we

prove a new drift theorem, which is explicitly designed to handle the contin-

uous case.

Finally, we provide the model of the PSO algorithm in terms of the intro-

duced mathematical concepts. In the light of this new formulation follows

a discussion of some of the theoretical results already mentioned in Section

2.6 of Chapter 2. In particular, we revisit the negative results saying that the
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expected time for optimization via PSO is infinite, andwe point out why they

are not in contradiction with the positive results of this thesis.

3.1 Basics of Probability Theory

In this section, we briefly recall some essential basics of probability theory,

we highlight some subtleties and we point out the crucial differences be-

tween the discrete and the continuous situation. The concepts and terms

introduced here can be found, e. g., in [Kle06] or [Bau96], usually in a much

more general way than stated here.

3.1.1 Probability Space, Random Variables, Stochastic Processes and
Conditional Expectation

Typically, a random experiment has some setΩ of possible outcomes, the so-

called sample space. The cardinality and the type of the elements of Ω are

not restricted. For instance, Ω = {HEAD, TAIL}, Ω = {1, 2, 3, 4, 5, 6}, Ω = N
andΩ = [0, 1], where [a, b] denotes the real interval from a to b, are possible.
If Ω is at most countable, it is said to be discrete. If Ω is uncountable, it is

called continuous.
IfΩ is discrete, the “probability” is usually defined by assigning a probabil-

ity value to every single outcome. However, in a typical continuous situation,

every single element of Ω has probability 0. So, instead of defining proba-

bility as a function Ω → [0, 1], the probability is defined as a function that

assigns a value to sets of outcomes, so-called events, rather than to the out-

comes itself. The set A ⊂ P(Ω), where P(Ω) denotes the power set of Ω,

defines which subsets of Ω are considered events. If Ω is discrete, usually

the choice A := P(Ω) is made. However, as we will see in Section 3.1.2, in

continuous situations this is in general not possible, i. e., there are subsets

A ⊂ Ω that do not have a well-defined probability.

The set A includes Ω and ∅, i. e., the case that none of the outcomes ac-

tually occurs and the case that any of the outcomes occurs are both events.

Additionally, for an event A ∈ A, the case that A does not happen, that

means the setΩ\A, is also an event and therefore included inA. Finally, for
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any countable number of events Ai ∈ A, the case that at least one of the Ai
happens, i. e., the set

⋃
iAi, is also considered an event. With thementioned

properties, A is called a sigma-field or sigma-algebra.
The function P : A→ [0, 1] is called probability measure or for short prob-

ability, if it assigns 1 to Ω, i. e., the event that any of the outcome occurs

has probability 1, and if additionally P is countably additive, i. e., if for every

countable and mutual disjoint set of events Ai, the union of all the Ai has

probability P(
⋃∞
i=1Ai) =

∑∞
i=1 P(Ai). Altogether, we have motivated the fol-

lowing definition of a probability space, consisting of the ground setΩ, the

sigma-field A ⊂ P(Ω) overΩ and the probability measure P : A→ [0, 1].

Definition 3.1 (Probability Space). A probability space is a triple (Ω,A,P),
where

• Ω, the sample space, is an arbitrary, non-empty set,

• A ⊂ P(Ω), the set of events, is a sigma-field overΩ, i. e.,

– ∅ ∈ A,
– A ∈ A⇒ Ω \A ∈ A,
– A1, A2, . . . ∈ A⇒ ⋃∞

i=1Ai ∈ A,

• P, the probability measure, is a function A→ [0, 1], such that

– P(Ω) = 1,

– P is sigma additive, i. e., for every sequence A1, A2, . . . ∈ A of

mutually disjoint events, P(
⋃∞
i=1Ai) =

∑∞
i=1 P(Ai)

The elements ofA are calledmeasurable with respect toA,A-measurable or
P-measurable. If P only satisfies the weaker condition “P(A) ≥ 0 for every

A ∈ A” instead of “P(A) ∈ [0, 1] for every A ∈ A and P(Ω) = 1”, then P is

called a measure and (Ω,A,P) a measure space. If P(A) = 1 for some event

A, we say that A holds almost surely. If P(A) = 0, then A is called a null set
with respect to P or a P-null set.

A very important example for a sigma-field over RD is the so-called Borel
algebra B(RD), which is defined as the smallest sigma-field containing every

open subset O ⊂ RD, i. e., B(RD) is the intersection of all sigma-fields con-

taining every open subsetO ∈ R. Similarly, B(×D
d=1[ad, bd]) with ad, bd ∈ R

andad < bd for everyd = 1, . . . , D denotes the smallest sigma-field contain-

ing every open subset of the hyperrectangle×D
d=1[ad, bd]. More precisely:

B
( D

×
d=1

[ad, bd]
)
=
{
B ∩

D

×
d=1

[ad, bd]
∣∣ B ∈ B(RD)}.
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3. PSO as a Stochastic Process

To complete the measure space over RD, the Lebesgue measure LD is defined

to serve as the uniform measure, i. e., it is defined as the unique measure

over RD that satisfies

LD
( D

×
d=1

[ad, bd]
)
=

D∏
d=1

(bd − ad)

for every a1, . . . , aD, b1, . . . , bD ∈ R with ad ≤ bd for every d = 1, . . . , D,

i. e., that assigns to every hyperrectangle the product of its lengthsmultiplied

over all dimensions. The proof of existence and uniqueness of LD can be

found in, e. g., [Kle06] or [Bau96]. Note that L1 restricted to [0, 1] is the

uniform probability distribution over [0, 1] and, more general, 1/(b− a) · L1
restricted to [a, b] is the uniform probability distribution over [a, b].

The probability space ([0, 1]D,B([0, 1]D),LD) is suitable to model a ran-

dom experiment in which D values are uniformly and independently cho-

sen from the interval [0, 1], i. e., the well-known function “rand()” is called

D times. However, in the classical PSO, it is not a priori clear how often the

function “rand()” is called. Therefore, it is necessary to construct a probabil-

ity space overΩ = [0, 1]∞, the space of all sequences (ωi)i∈N withωi ∈ [0, 1]
for every t ∈ N, which allows drawing an infinite number of values, chosen

uniformly and independently from the interval [0, 1]. The appropriate sigma-

field is the product sigma-field of infinitelymany instances of the sigma-field

B([0, 1]). Formally, a product sigma-field of sigma-fieldsAi with i ∈ I, where
I is some set of indices, is defined as follows.

Definition 3.2. Let I = (i1, i2, . . .) be a set of indices and let beΩi = [ai, bi]
with ai < bi and Ai = B(Ωi) for every i ∈ I. The product sigma-field of the

Ai ⊗
i∈I
Ai

is defined as the smallest sigma-field containing

{Ωi1 × . . .×Ωik−1 × B×Ωik+1 × . . .
∣∣ k ≤ |I|, B ∈ Aik}.

Note that as a property of the Borel algebra, we have for finite I⊗
i∈I
B([ai, bi]) = B

(
×
i∈I

[ai, bi]
)
.
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3.1 Basics of Probability Theory

To complete the construction of the probability space for calling “rand()”

infinitely often, we need to define a probability measure

L∞ :
⊗
i∈N0

B([0, 1])→ [0, 1].

In order to construct L∞, we use a corollary to the Theorem of Ionescu-

Tulcea, which states that such a probability measure exists and is uniquely

defined.

Theorem 3.1 (Corollary to the Theorem of Ionescu-Tulcea, [Kle06]). For ev-
ery i ∈ N, let (Ωi,Ai,Pi) be a probability space. Then, there is a uniquely

determined probability measure P on( ∞
×
i=0

Ωi,

∞⊗
i=0

Ai
)
,

such that

P

(
A0 × . . .×An ×

∞
×
i=n+1

Ωi

)
=

n∏
i=0

Pi(Ai)

for every n ∈ N and every Ai ∈ Ai for i = 0, . . . , n.

In the following definition, we summarize the resulting probability space,

which we will use as the underlying probability space of the particle swarm.

Definition 3.3 (PSO probability space). The probability space R = (Ω,A,P)
is defined via

• Ω := [0, 1]∞,

• A :=
⊗

N B([0, 1]),

• P := L∞,

where [0, 1]∞ = {(ω0,ω1, . . .) | ωi ∈ [0, 1] for every i ∈ N} is the space of

all sequences with values in [0, 1],
⊗

N B([0, 1]) is the product sigma-field of

countably many instances of B([0, 1]) and L∞ is obtained from Theorem 3.1

by setting (Ωi,Ai,Pi) = ([0, 1],B([0, 1]),L1).

In most cases, not the outcomes of a random experiment itself are inter-

esting, but some random observations which depend on the outcome. In

order to formally describe such random observations, we define the concept

of random variables.
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3. PSO as a Stochastic Process

Definition 3.4 (Random Variable). Let (Ω,A,P) be a probability space. A

function X : Ω → RD is called a random variable, if X−1(B) ∈ A for ev-

ery B ∈ B(RD). In that case, we also say that X is measurable with re-
spect to A, A-measurable or P-measurable. If X is a random variable, then

(RD,B(RD),P◦X−1) is a probability space and P◦X−1
is called the distribution

of X. Additionally, σ(X) := X−1(B(RD)) is called the sigma-field generated by
X.

Example 3.1 (Indicator Variable). The indicator variable of an event A ∈ A
is defined as

1A(ω) :=

{
1, ifω ∈ A,
0, otherwise.

This is a random variable, because the preimage of a set B ∈ B(RD) under
1A is

1−1
A (B) =


∅, if 0, 1 /∈ B,
A, if 0 /∈ B, 1 ∈ B,
Ω \A, if 0 ∈ B, 1 /∈ B,
Ω, if 0, 1 ∈ B.

The sets ∅ and Ω are included in A by definition and since A ∈ A, A also

contains the complementΩ \A.

In order to simplify notation, we let X ∈ B denote the event X−1(B) =
{ω ∈ Ω | X(ω) ∈ B} for a random variable X and a B ∈ B(RD). Events like
X < a and X > b are defined analogously.

Instead of describing only a single random experiment, many randomized

systems evolve over time and perform some random state transition at every

time step t. In order to describe systems with such a time-dependent be-

havior, we use a sequence of random variables. That leads to the following

definition of a stochastic process.

Definition 3.5 (Stochastic Process, Filtration). A sequence of random vari-

ables X = (X0, X1, . . .) is called a stochastic process. A sequence of sigma-

fields F = (F0,F1, . . .) is called a filtration, if Ft ⊂ Ft+1 for every t ∈ N0.
If Xt is measurable with respect to Ft, i. e., if for every t ∈ N0 and every

B ∈ B(RD) we have that X−1
t (B) ∈ Ft, then X is called adapted to F.

Intuitively, we can think of Ft as the mathematical object that carries the

information about the stochastic process that is determined at time t and
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3.1 Basics of Probability Theory

characterize events measurable with respect to Ft as the events from which

we know at time t if they happen or not. The following example illustrates

the use of knowledge about the past.

Example 3.2. Consider the probability space R fromDefinition 3.3. Forω =
(ω0,ω1, . . .) ∈ [0, 1]∞ and let the stochastic process X = (X0, X1, . . .) be

defined as

Xt(ω) :=

t∑
t ′=1

ωt ′ for every t ∈ N0.

The sigma-field Ft generated by Xt is the union of all sets of the form B ×
[0, 1]∞ where B ∈ B([0, 1]t) and X is adapted to the sequence of sigma-fields

F = (Ft)t∈N. That means an element of Ft contains information about the

first t entries ofω, namely that (ω0, . . . ,ωt) ∈ B, but for t ′ > t, it only says

ωt ′ ∈ [0, 1].

In the following, we use information about the past to make predictions

about the future of a stochastic process, i. e., we want to take the perspective

of some time t andmake predictions (in terms of, e. g., the expectation value)

about the stochastic process at time s, where s > t, by taking the information

at time t into account. For formally stating such predictions, we define the

concepts of conditional probability and conditional expectation.
The standard definitions of the conditional probability for some event A,

given some other event B as

P(A | B) :=
P(A ∩ B)
P(B)

(3.1)

and the conditional expectation of some random variable X given B as

E[X | B] :=
E[X · 1B]
P(B)

(3.2)

work fine for discrete situations, but for handling random variables over a

continuous search space, it is necessary to generalize these concepts. The

following example illustrates this.

Consider the stochastic process X = (X0, X1, . . .) from Example 3.2, where

X0 is uniformly distributed over [0, 1] and knowing the value x0 of X0, X1
is uniformly distributed over [x0, x0 + 1]. Intuitively, the expectation of X1,

knowing that X0 = x0, should be x0 + 1/2, but the discrete definition of

conditional expectation (Equation (3.2)) cannot be applied because for ev-

ery x0, the “B”, i. e., the event X0 = x0, has probability 0. The solution of
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3. PSO as a Stochastic Process

the stated issue is to define the conditional expectation itself as a random

variable. In the present example, we would write E[X1 | F0] = X0 + 1/2, a
random variable measurable with respect to F0. Formally, the definition of

the conditional expectation is generalized in the following way.

Definition 3.6 (Conditional Expectation). For a probability space (Ω,A,P),
let F ⊂ A be a sigma-field and X a random variable. Then E[X | F ] denotes
a random variable that fulfills the following two conditions.

• E[X | F ] is measurable with respect to F ,

• E[X1A] = E[E[X | F ]1A] for every A ∈ F .

The random variable E[X | F ] is called the conditional expectation of X given
F . Additionally, for an event B ∈ A, the conditional probability of B given F
is defined as

P(B | F) := E[1B | F ].

We can easily verify that in the previous example, indeed E[X1 | F0] =
X0 + 1/2 holds.

Example 3.3. Consider the stochastic process X and the filtration F as de-

fined in Example 3.2. The candidate for the conditioned expectation E[X1 |
F0] of X1 given F0 is Y := X0+ 1/2 = ω0+ 1/2. Since Y depends only onω0,

it is measurable with respect to F0. For every A ∈ F0, i. e., every A ⊂ [0, 1]∞
of the form B× [0, 1]∞ with B ∈ B([0, 1]), we have

E[X11A] − E[Y1A] = E[(X1 − Y)1A]

=

∫
A

X1(ω) − Y(ω) dP(ω)

=

∫
B×[0,1]∞ X1(ω) − Y(ω) dP(ω)

=

∫
B×[0,1]

(ω0 +ω1) − (ω0 + 1/2) d(ω0,ω1)

=

∫
B×[0,1]

ω1 − 1/2 d(ω0,ω1)

= P(B) ·
∫
[0,1]

ω1 − 1/2 d(ω1) = 0.

That means that for every A ⊂ [0, 1]∞, E[X11A] = E[Y1A], which verifies the

second condition of Definition 3.6, so Y = E[X1 | F1] actually holds.
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3.1 Basics of Probability Theory

As it is proved in, e. g., [Kle06] and [Bau96], the conditional expectation

exists and is uniquely determined up to null sets, i. e., the probability that

two randomvariableswhich both fulfill the conditions ofDefinition 3.6 differ

is 0. We will use the conditional expectation to formally model the drift of
a stochastic process, i. e., we formalize a statement like “on expectation, the

process X decreases by at least ε in every time step” as

∀t ∈ N0 : E[Xt+1 | Ft] ≤ Xt − ε.

Sometimes, the notation is slightly abused to state that a certain property

of E[Xt+1 | Ft] only holds under some condition. In general, for a sigma-

fieldF ⊂ A, anA-measurable random variable X, anF-measurable random

variables Y and an event C ∈ F , we write

E[X | F , C] ≤ Y :⇔ 1C · E[X | F ] ≤ 1C · Y.

This can be read as “if C occurs, then E[X | F ] ≤ Y.” Note that C ∈ F means

that the information provided by F is already sufficient to determine if C

occurs, i. e., if the actual outcomeω ∈ Ω is included inC. E. g., the statement

“on expectation, the process X decreases by at least ε in every time step as

long as X is positive” can be expressed as

∀t ∈ N : E[Xt+1 | Ft, Xt > 0] ≤ Xt − ε.

An important structural property of stochastic processes is the so-called

Markov property, which describes a process without a memory of its past. A

stochastic process has the Markov property, if predictions about its future,

taking information about its past and its present state into account are the

equal to the predictions using only the information about the current state.

The following definition provides a formal description of this property.

Definition 3.7 (Markov Property). A stochastic process (Xt)t∈N0 has the

Markov property, if

P(Xt ∈ A | Fs) = P(Xt ∈ A | σ(Xs))

for every A ∈ RD and every s, t ∈ N0 with s ≤ t. Here, σ(Xs) is the sigma-

field generated by Xs as defined in Definition 3.4.

57



3. PSO as a Stochastic Process

3.1.2 Measurability

The existence of non-measurable functions has important implications for

analyzing any randomized, continuous optimizationmethod. For anymean-

ingful statement about an optimization scenario,B(RD)-measurability of the

objective function is aminimum requirement. To illustrate this, we construct

an example for a non-measurable function, namely the indicator function

1V of a set V ⊂ [0, 1] that is itself not measurable with respect to B(R),
i. e., V 6∈ B(R). Since sets that are defined constructively are usually B(R)-
measurable, e. g., any countable union of intervals is B(R)-measurable, the

construction of V is more complex. Consider the equivalence relation R on

[0, 1]× [0, 1], defined via

r ≈R s :⇔ r− s ∈ Q,

i. e., two real numbers r, s ∈ [0, 1] are considered equivalent, if their differ-

ence is rational. Then, the equivalence class of some r ∈ [0, 1] is

[r] = (r+ Q) ∩ [0, 1] := {r+ q | q ∈ Q} ∩ [0, 1].

Since Q is countable, every equivalence class contains a countable number

of elements and since the interval [0, 1] is uncountable, there are uncount-

ably many equivalence classes. The set V is defined as any set that contains

exactly one representative of every equivalence class. In the literature (e. g.,

[Kle06]), V is calledVitali Set. Since every real number r ∈ [0, 1] is equivalent
to some element v ∈ V and since −1 ≤ r− v ≤ 1, it follows that

[0, 1] ⊂ V + Q ∩ [−1, 1] := {v+ q | v ∈ V, q ∈ Q ∩ [−1, 1]}.

Additionally, since V ⊂ [0, 1], we have that

V + Q ∩ [−1, 1] ∈ [−1, 2].

Defining

Vq := V + q = {v+ q | v ∈ V}

for someq ∈ Q∩[−1, 1] as the setV , shifted byq, we can rewriteV+Q∩[−1, 1]
as

V + Q ∩ [−1, 1] =
⋃

q∈Q∩[−1,1]

Vq.
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Altogether, it follows that

[0, 1] ⊂
⋃

q∈Q∩[−1,1]

Vq ⊂ [−1, 2], (3.3)

i. e., the countable union of all the Vq covers [0, 1] and is contained in [−1, 2].
Furthermore, it is easy to see that the Vq are disjoint. Assume, for con-

tradiction, that v ∈ Vq1 ∩ Vq2 for some q1 6= q2. Then, we would have

V 3 v − q1 6= v − q2 ∈ V , which contradics the definition of V since

v− q1 ≈R v− q2.
Keeping these properties in mind, the hypothetical optimization problem

is defined as follows:

Maximize f(x) = 1V(x) over the search space S = [−1, 2].

A search heuristic that maximizes f is successful as soon as it finds a point

v ∈ V . Assuming that the first step consists of uniformly sampling a point of

the search space, the success probability would be the probability of V under

uniform distribution. Let P be the respective probability measure, defined

as P(A) := 1/3 · L(A ∩ [−1, 2]). Then, from (3.3), it follows that

1

3
= P([0, 1]) ≤ P

( ⋃
q∈Q∩[0,1]

Vq

)
≤ 1.

Furthermore, the sigma-additivity of probability measures and the transla-

tion invariance of the uniform distribution imply

P

( ⋃
q∈Q∩[0,1]

Vq

)
=
∑

q∈Q∩[0,1]

P(Vq) =
∑

q∈Q∩[0,1]

P(V).

This results in

1

3
≤

∑
q∈Q∩[0,1]

P(V) ≤ 1,

a contradiction because either P(V) = 0, then
∑
q∈Q∩[0,1] P(V) = 0 < 1/3

or P(V) > 0, then
∑
q∈Q∩[0,1] P(V) = ∞ > 1. This illustrates that there is

no meaningful way to define the probability of the constructed set V under

uniform distribution and therefore the success probability for optimizing f

is undefined from the first step on. Similar investigations show that all other

interesting characteristics like the expected optimization time are undefined
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3. PSO as a Stochastic Process

as well. So, measurability of the objective function is a minimum require-

ment for making any valid statements about the quality of some random-

ized optimization method. Although the non-measurable example function

looks very artificial, in the following section we will point out that measur-

able functions have some structural properties that have significant conse-

quences for the continuous black box optimization problem.

3.2 (No) Free Lunch and Lebesgue’s Differentiation Theorem

A fundamental result in the area of combinatorial black box optimization

is the so-called No Free Lunch Theorem ([WM97]). Basically, it states that

in presence of a finite search space, no deterministic or randomized search

method is superior to any other with respect to the number of objective func-

tion evaluations. Therefore, in absence of problem specific knowledge, there

is no algorithm that works better than, e. g., randomly sampling points of the

search space. The formal statement and the proof can be found in ([WM97]).

The key idea of the proof is to assume that the objective function f is chosen

randomly from the space of “all” possible objective functions, before the op-

timization algorithm is applied. Then, for any permutation π of the search

space, f ◦ π is also a valid objective function. Therefore, with the k pairs of

search points and their function values (x1, f(x1)), . . . , (xk, f(xk)), the distri-
bution of the function value f(x), given (x1, f(x1)), . . . , (xk, f(xk)), with some

search point x not already sampled, does not depend on the particular choice

of x. In other words: For every subset A of the image of f and every x, x̃ with

x 6= x̃ and x, x̃ /∈ {x1, . . . , xk}, we have P(f(x) ∈ A) = P(f(x̃) ∈ A). Therefore,
the information about the values of f at the search points x1, . . . , xk does not

imply any preference on the remaining search points.

It is remarkable that in the continuous case, i. e., when the search space is

uncountable, the situation is completely different ([AT10]). That is because

the set of BD-measurable functions has a structural property that is known

as Lebesgue’s Differentiation Theorem.

Theorem 3.2 (Lebesgue’s Differentiation Theorem). For z ∈ RD and r > 0,

Br(z) denotes the ball with center z and radius r. Let f be a BD-measurable
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function, such that

∫
RD f(x)dx exists. Then for almost every x ∈ RD, the

limit

lim

r→0 1

|Br(z)|

∫
Br(z)

|f(x) − f(z)|dx

exists and is equal to 0.

As a stochastic interpretation, we can think about the random experiment

that uniformly samples points with a distance of at most r from some fixed

point z. Then the theorem says that for almost every point z, as r is de-

creased towards 0, the value obtained will approach f(z) almost surely. This

means that f behaves very similar to a continuous function. As pointed out

in [AT10], this is already enough structural information to prove that the No

Free Lunch Theorem can not be generalized to the continuous case. There-

fore, there is indeed hope to find optimization methods that are superior to

the blind search method of randomly sampling search points.

3.3 Drift Theory

Drift Theory has proved its value as an important tool for analyzing evolu-

tionary algorithms for combinatorial optimization problems. Examples for

successful application are, among others, the optimization time of a (1+ 1)-
EA for optimizing linear functions over {0, 1}D ([HY04, Jäg08, DJW12]), cal-

culatingminimum spanning trees ([NW07,DG10]), solving the single source

shortest path problem ([BBD
+
09, DJ10, DG10]) and finding a Eulerian cycle

([DG10]). Originally, He and Yao ([HY01]) introduced drift theory to the field

of evolutionary algorithms by usingmathematical results of Hajek ([Haj82]).

The goal of drift analysis is to provide sufficient conditions to bound the time

τ := inf {t ≥ 0
∣∣ Xt ≤ 0} until some stochastic process X reaches 0. This is

straight-forward if the process is non-increasing and has a bounded min-

imum decrease, but if the process decreases only on expectation, while it

might with some positive probability increase as well, things get more com-

plicated.
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3.3.1 Classical Drift Theory

Consider a stochastic processX = (Xt)t∈N, adapted to a filtrationF = (Ft)t∈N,

such that one of the following drift conditions holds.

E[Xt+1 − Xt
∣∣ Xt > 0] ≤ −δ, (3.4)

or

E[Xt+1 − Xt
∣∣ Ft, Xt > 0] ≤ −δ (3.5)

for some δ > 0. Condition (3.4) states that under the condition that Xt > 0,

the process will decrease by δ, i. e., this is the expectation we have at time 0.

Stronger than this, Condition (3.5) states that for every state of the stochas-

tic process X at time t, the uniform bound of −δ holds for the conditional

expectation of Xt+1 − Xt. Although Condition (3.5) is formally a stronger

assumption than Condition (3.4), it is usually easier to handle and to verify.

If such a drift condition holds, i. e., if we can expect the process X to de-

crease by at least δ at each time step, one would intuitively assume that after

at most E[X0]/δ iterations, the process reaches 0, i. e., the expectation E[τ] of
the time τ := inf {t ∈ N | Xt ≤ 0} for Xt becoming ≤ 0 should be bounded

from above by E[X0]/δ. However, in general there is a difference between the

time T := inf {t ∈ N | E[Xt] ≤ 0}, the deterministic time when the expecta-

tion of the stochastic process reaches 0, and the expectation of the random

time τ. The following example illustrates this.

Example 3.4. Consider the following stochastic process.

X0 :=

{
2, with probability

1
2 ,

4, with probability
1
2 ,

Xt+1 :=

{
2, if X0 = 2,

Xt − 2, otherwise.

If X0 = 2, which happens with probability 1/2, then the process will stay 2

forever and τ is infinite. Otherwise, X0 = 2 and Xt = 4 − 2 · t. In that case,

τ = 2. Altogether, τ has an infinite expectation. On the other hand, we have

that E[Xt] = 3− t, i. e., T = 3.

Typical drift theorems say that under the drift condition (Condition (3.4)

or Condition (3.5)) and some additional assumptions, such pathological cases

can be avoided and the bound E[τ] ≤ E[X0]/δ actually holds. Additionally,

by replacing “≤” with “≥” in Condition (3.4) and Condition (3.5), a lower
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bound on the drift is achieved and drift theory leads to a lower bound of

E[X0]/δ for τ.
Depending on the nature of the algorithm which is analyzed and on the

underlying stochastic process, sometimes the drift conditions are expressed

multiplicatively, i. e., instead of expecting an absolute decrease of X during

every iteration, we assume that X decreases on expectation by a constant

factor 1− δ ([DJW12]). Then, the drift condition has the form

E[Xt+1 − Xt
∣∣ Ft, Xt > 1] ≤ −δ · Xt (3.6)

and drift theory yields, again under some additional assumptions, the upper

bound E[τ
∣∣ Ft] ≤ ln(X0)/δ. Note that in case of a multiplicative drift theo-

rem, in contrast to the additive case, the modified drift condition, where “≤”
is replaced by “≥”, does not imply any lower bound on E[τ].

There are many slightly different drift theorems in the literature, varying

in the assumptions which aremade in addition to the drift condition. Typical

additional assumptions are chosen from the following collection:

• Xt has a finite image ([HY04, DJW12]),

• Xt /∈ (0, 1) for every t ∈ N ([DG10]),

• X0 ≤ b for some constant b ∈ R ([HY01]),

• Xt ≥ 0 for every t ∈ N ([HY01, DG10]),

• |Xt+1 −Xt| ≤ c for a constant c ∈ R+
and every t ∈ N ([Jäg07, Jäg08]),

In a discrete scenario, all of these assumptions are trivial or at least very

easy to fulfill. However, for calculating runtime bounds for PSO, such as-

sumptions become crucial. In the following section, we provide a new variant

of the drift theorem, suitable for the continuous situation and in particular

for obtaining runtime results about the optimization time of PSO.

3.3.2 Drift Theory for Continuous Search Spaces

When analyzing the drift of some stochastic process, themost important dif-

ference between the discrete and the continuous situation is that only in the

continuous scenario, the state of the algorithm can be outside but arbitrary

close to the region considered optimal. If a process X = (Xt)t∈N, adapted
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3. PSO as a Stochastic Process

to a filtration F = (Ft)t∈N, is continuous but non-negative, a condition like

Condition (3.5) from the previous section is unsatisfiable. That is because

for non-negative image of the Xt, we have

E[Xt+1 − Xt
∣∣ Ft, Xt > 0] ≥ E[−Xt

∣∣ Ft, Xt > 0] = −Xt,

which can be arbitrary close to 0 for small values of Xt. Therefore, we cannot

expect Condition (3.5) to hold with any constant δ. To solve this issue, we

develop a modified drift theorem, which allows for X to have negative val-

ues. If the process X serves as a measure for some optimization algorithm,

that means that the elements of the optimized region do not all have the

same value 0 as in the discrete setting. Instead, they can have any value ≤ 0.
However, as the following example illustrates, the drift condition alone does

not imply any upper bound on the expected time for X to hit 0.

Example 3.5. For the constants x0 > 0, δ > 0, we consider the following

stochastic process X = (X0, X1, . . .).

X0 := x0, Xt :=

{
Xt−1, w. p. 1− 1/3t

Xt−1 − 3
t · δ, w. p. 1/3t,

for t > 0.

This process fulfilles Condition 3.5:

E[Xt+1 − Xt
∣∣ Ft, Xt > 0] = (1− 1/3t) · 0+ 1/3t · (−3t · δ) = −δ.

However, to actually arrive at a value ≤ 0, the second case of the definition

of Xt must happen at least once. Therefore, for the probability for X to reach

a value ≤ 0, we have

P(∃t : Xt ≤ 0) ≤
∞∑
t=1

1

3t
=
1

2
,

i. e., the time τ until X passes 0 is with probability at least 1/2 infinite and

has therefore infinite expectation.

The reason, why in Example 3.5 no meaningful bound on the first hitting

time of X hitting R≤0 could be achieved, is that the expected drift results in a

process that with very little probability decreases dramatically, while it stays

constant with overwhelming probability. Therefore, additionally to the drift

condition, we need an assumption for our drift theorem that forbids such

pathological cases.
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3.3 Drift Theory

As a possible solution, we ask for a drift≤ −δ even for themodified process

that decreases at most by a constant ∆, i. e., we want max{Xt+1 − Xt,−∆} to
yield an expected drift ≤ −δ. As it turns out, this modification allows us

for an upper bound only slightly larger than with the prerequisite of a non-

negative process.

The following result is a modified version of the additive drift theorem

presented in [HY01].

Theorem 3.3 (Additive Drift Theorem). Let ∆ > δ > 0 be some constants.

Let X = (Xt)t∈N be a stochastic process adapted to a filtration F0 ⊂ F1 ⊂
. . . ⊂ F , such that

E[max{Xt+1 − Xt,−∆}
∣∣ Ft, Xt > 0] ≤ −δ, (3.7)

Let τ := min{t ≥ 0
∣∣ Xt ≤ 0} be the first index when Xt passes 0. Then

E[τ
∣∣ F0] ≤ 1{X0>0} · (X0 + ∆)/δ.

For the proof of Theorem 3.3, we want to apply the Lemma of Fatou, a

convergence result from the area of stochastic processes.

Lemma 3.1 (of Fatou ([Kle06, Bau96])). Let Y = (Y0, Y1, . . .) be a stochastic
process, such that Yt ≥ 0 almost surely for every t ∈ N. Then,

lim inf
t→∞ E[Yt] ≥ E[lim inf

t→∞ Yt].

Proof (of Theorem 3.3). Since X0 ≤ 0 implies τ = 0, we can without loss of

generality assume that X0 > 0 and therefore τ ≥ 1 almost surely. We then

define the stochastic process Y = (Y0, Y1, . . .) via

Yt := max{X
min{t,τ} + ∆, 0}+ δ ·min{t, τ}.
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3. PSO as a Stochastic Process

Note that every Yt is non-negative and measurable with respect to Ft. Addi-
tionally, we have

E[Yt+1
∣∣ Ft] = E

[
1{τ>t} · Yt+1

∣∣ Ft]+ E

[
1{τ≤t} · Yt+1

∣∣ Ft]
= E

[
1{τ>t} · (max{Xt+1 + ∆, 0}+ δ · (t+ 1))

∣∣ Ft]
+ 1{τ≤t} · (max{Xτ + ∆, 0}+ δ · τ)

≤ 1{τ>t} ·E
[
max{Xt+1 − Xt,−∆}+ Xt + ∆+ δ·(t+ 1)

∣∣ Ft]
+ 1{τ≤t} · Yt

(3.7)

≤ 1{τ>t} · (−δ+ Xt + ∆+ δ · (t+ 1)) + 1{τ≤t} · Yt

= 1{τ>t} · (max{Xt + ∆, 0}+ δ · t) + 1{τ≤t} · Yt

= 1{τ>t} · Yt + 1{τ≤t} · Yt = Yt,

i. e., Yt ≥ E[Yt+1
∣∣ Ft]. By induction and from X0 + ∆ = Y0, it follows that

X0 + ∆ ≥ E[Yt
∣∣ F0] for every t and therefore

X0 + ∆ ≥ lim inf

k→∞ E[Yt
∣∣ F0] (∗)≥ E[lim inf

t→∞ Yt
∣∣ F0]

= E[lim inf
t→∞ (max{X

min{t,τ}, 0})︸ ︷︷ ︸
≥0

+δ · τ
∣∣ F0]

≥ δ · E[τ
∣∣ F0].

The inequality (∗) is obtained from Lemma 3.1. This finishes the proof.

Originally, the authors of [HY01] used Lebesgue’s Theorem of Dominated

Convergence ([Kle06, Bau96]) instead of Lemma 3.1. Therefore, they needed

the additional assumption that every Xt is bounded from above by a con-

stant. While this is obviously true if Xt has a finite image, this requirement

cannot be fulfilled in the analysis of PSO.

Next, the drift theorem is transferred from an additive situation to a mul-

tiplicative one. The following theorem is basically the multiplicative drift

theorem from [DJW12] with just slightly changed preconditions.

Theorem 3.4 (Multiplicative Drift Theorem). Let X = (Xt)t∈N be a strictly

positive stochastic process adapted to a filtration F0 ⊂ F1 ⊂ . . . ⊂ F , such
that

E[max{Xt+1/Xt, e
−∆}

∣∣ Ft, Xt > 1] ≤ 1− δ (3.8)
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3.3 Drift Theory

for some δ ∈ (0, 1) and ∆ > δ. Let τ := min{t ≥ 0
∣∣ Xt ≤ 1} be the first index

when Xt passes 1. Then

E[τ
∣∣ F0] ≤ 1{X0>1} · (ln(X0) + ∆)/δ.

Proof. The proof is essentially the same as in [DJW12]. The idea is to use the

additive drift theorem on the stochastic process (Zt)t∈N, where Zt := ln(Xt).
Then (3.8) translates to

1{Zt>0} · E[max{Zt+1 − Zt,−∆}
∣∣ Ft]

= 1{Xt>1} · E[ln(max{Xt+1/Xt, e
−∆})

∣∣ Ft]
(∗)
≤ 1{Xt>1} · ln(E[max{Xt+1/Xt, e

−∆}
∣∣ Ft])

≤ 1{Xt>1} · ln(1− δ) ≤ 1{Zt>0} · (−δ)

For (∗), we apply Jensen’s inequality. Since τ = min{t ≥ 0
∣∣ Xt ≤ 1} =

min{t ≥ 0
∣∣ Zt ≤ 0}, Theorem 3.3 finishes the proof.

For the runtime analysis, we need a more general version of the multi-

plicative drift theorem. Sometimes, the stochastic process needs more than

just one step to reduce its value by a constant factor, e. g., depending on the

current configuration, the process might yield Xt+1 > Xt, but for every sit-

uation, we have that Xt+2 < Xt · (1 − δ). So, instead of the drift condition

(3.8), only the weaker drift condition

E[max{Xt+tmax
/Xt, e

−∆}
∣∣ Ft, Xt > 1] ≤ 1− δ

holds for some tmax ∈ N. In that case, we would expect τ to increase by a

factor of tmax.

In a more general situation, the point in time σ when Xt decreases on

expectation by at least a factor of 1− δ, i. e., the value σ(t) for which

E[max{Xσ(t)/Xt, e
−∆}

∣∣ Ft, Xt > 1] ≤ 1− δ
holds, might depend on the exact configuration at time t, e. g., wemight have

that either Xt+2 < Xt · (1 − δ) or Xt+3 < Xt · (1 − δ), and which alternative

is true is known at time t but is not known a priori. However, as long as σ(t)
is uniformly bounded by tmax, we can still expect that τ increases by at most

a factor of tmax. The following generalized version of the multiplicative drift

theorem formally confirms this statement.
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3. PSO as a Stochastic Process

Theorem 3.5 (Multiplicative Drift Theorem with Variable Time Steps). Let

X = (Xt)t∈N be a strictly positive stochastic process adapted to a filtration

F0 ⊂ F1 ⊂ . . . ⊂ F , and let for every t ∈ N σ(t) be a Ft-measurable, N-

valued random variable with t < σ(t) ≤ t+ tmax almost surely for a constant

tmax ∈ N, such that

E[max{Xσ(t)/Xt, e
−∆}

∣∣ Ft, Xt > 1] ≤ 1− δ (3.9)

for some δ ∈ (0, 1) and ∆ > δ. Let τ := min{t ≥ 0
∣∣ Xt ≤ 1} be the first index

when Xt passes 1. Then

E[τ
∣∣ F0] ≤ tmax · 1{X0>1} · (ln(X0) + ∆)/δ.

Proof. To simplify notation, we write σk for σ(k)(0). For every k ∈ N, we

define X̂k := Xσk and Fσk := {A ∈ F
∣∣ A ∩ {σk ≤ t} ∈ Ft}. Then, X̂k is

Fσk-measurable and since

E[max{X̂k+1/X̂k, e
−∆}

∣∣ Fσk ] = E[max{Xσk+1/Xσk , e
−∆}

∣∣ Fσk ]
= E

[ ∞∑
t=0

1{σk=t} ·max{Xσk+1/Xσk , e
−∆}

∣∣ Fσk
]

=

∞∑
t=0

1{σk=t} · E
[
max{Xσk+1/Xσk , e

−∆}
∣∣ Fσk]

=

∞∑
t=0

1{σk=t} · E
[
max{Xσ(t)/Xt, e

−∆}
∣∣ Ft] ,

X̂k > 1 implies

E[max{X̂k+1/X̂k, e
−∆}

∣∣ Fσk ]
=

∞∑
t=0

1{σk=t} · E
[
max{Xσ(t)/Xt, e

−∆}
∣∣ Ft]

≤
∞∑
t=0

1{σk=t} · (1− δ) = 1− δ,

i. e.,

1{X̂k>1}
· E[max{X̂k+1/X̂k, e

−∆}
∣∣ Fσk ] ≤ 1{X̂k>1}

· (1− δ).

Theorem 3.4 yields for τ̂ = min{k ≥ 0
∣∣ X̂k ≤ 1} the expected bound of

E[τ̂
∣∣ Fσ0 ] ≤ (ln(X̂0) + ∆)/δ = (ln(X0) + ∆)/δ+ 1.
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3.3 Drift Theory

Since τ ≤ τ̂ · tmax, we have that

E[τ
∣∣ F0] ≤ tmax · E[τ̂

∣∣ F0] = tmax · E[τ̂
∣∣ Fσ0 ] ≤ tmax · (ln(X0) + ∆)/δ.

That finishes the proof.

Although the result of our multiplicative drift theorem for continuous

search spaces is a bound, only an additive constant larger than in the dis-

crete case, the drift condition on max{Xt+1/Xt, e
−∆} is kind of impractical

and technical harder to verify than a drift condition on Xt+1/Xt. Note that

the construction of Example 3.5, showing that in an additive situation a drift

condition on Xt+1 − Xt is insufficient, has no pendant in the multiplicative

situation, where the process X is allowed to take only positive values. Indeed,

we can provide a multiplicative drift theorem, that is not a rewritten version

of an additive drift theorem, but is proved directly.

Theorem 3.6 (Multiplicative Drift Theorem II). LetX = (Xt)t∈N be a strictly

positive stochastic process adapted to a filtration F0 ⊂ F1 ⊂ . . . ⊂ F , such
that

E[Xt+1
∣∣ Ft, Xt > 1] ≤ (1− δ) · Xt (3.10)

for some δ ∈ (0, 1). Let τ := min{t ≥ 0
∣∣ Xt ≤ 1} be the first index when Xt

passes 1. Then

E[τ
∣∣ F0] ≤ 1{X0>1} · (ln(X0) + 2)/δ.

Proof. First, we define the stochastic process Y = (Y0, Y1, . . .) via

Y0 := X0, Yt+1 :=

{
Xt+1, if τ > t,

Yt · (1− δ), if τ ≤ t.

That means Yt is equal to Xt until time τ. Afterwards, Y decreases determin-

istically by a factor of 1− δ in every iteration. In particular, this implies that

both processes reach a value≤ 1 at the same time, i. e., τ = min{t ≥ 0
∣∣ Yt ≤

1}, and Yt is Ft-measurable and fulfilles the stronger drift condition

E[Yt
∣∣ Ft] ≤ (1− δ) · Yt.

By induction, it follows that

E[Yt+1
∣∣ F0] ≤ (1− δ)t · Y0 = (1− δ)t · X0.

Therefore, we have for the first hitting time τ:

P(τ > t
∣∣ F0) = P(Yt > 1

∣∣ F0) ≤ (1− δ)t · X0,
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3. PSO as a Stochastic Process

where the inequality comes from Markov’s inequality. It follows that

E[τ
∣∣ F0] =

∞∑
t=0

P(τ > t
∣∣ F0)

≤
b− log1−δ X0c∑

t=0

1+

∞∑
t=d− log1−δ X0e

(1− δ)t · X0

≤ −
ln(X0)

ln(1− δ)
+ 1+

∞∑
s=0

(1− δ)s

≤ ln(X0)

δ
+ 1+

1

δ
≤ ln(X0) + 2

δ
.

Of course, the same generalization, that allowed us to prove Theorem 3.5

from Theorem 3.4, can be applied here in order to obtain a version of The-

orem 3.6, that allows for the drift to happen after a bounded random time.

The result is the following theorem, which we will use for the analsis of PSO.

Theorem3.7 (MultiplicativeDrift Theoremwith Variable Time Steps II). Let
X = (Xt)t∈N be a strictly positive stochastic process adapted to a filtration

F0 ⊂ F1 ⊂ . . . ⊂ F , and let for every t ∈ N σ(t) be a Ft-measurable, N-

valued random variable with t < σ(t) ≤ t+ tmax almost surely for a constant

tmax ∈ N, such that

E[Xσ(t)
∣∣ Ft, Xt > 1] ≤ (1− δ) · Xt (3.11)

for some δ ∈ (0, 1). Let τ := min{t ≥ 0
∣∣ Xt ≤ 1} be the first index when Xt

passes 1. Then

E[τ
∣∣ F0] ≤ 1{X0>1} · tmax · (ln(X0) + 2)/δ.

Proof. The proof is completely analog to the proof of Theorem 3.5.

The reason for the increased bounds for τ in all the drift theorems pre-

sented in this section, compared to “E[τ
∣∣ F0] ≤ ln(X0)/δ” in the discrete

case, is that over a discrete search space, we can use an argument like “if

Xt < 2, then Xt ≤ 1”, i. e., as soon as the difference between the process

and the optimum is smaller than the distance between two neighbors of the

discrete space, the optimum is already reached. In the continuous situation,

such an argument cannot hold and the remaining distance between “2” and

“1” is not for free like in the discrete case, but needs to be paid with an addi-

tional constant number of steps.
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3.4 The PSO Model

3.4 The PSOModel

With the prerequisites from the previous sections, we can state PSO as a

stochastic process. The following definition describes the positions, veloci-

ties and attractors of the classical PSO algorithm as random variables over

the probability space R, as defined in Definition 3.3.

Definition 3.8 (Classical PSO Process). A swarm S of N particles moves

through the D-dimensional search space RD. Let f : RD → R be the ob-

jective function. For S, over the probability space R from Definition 3.3 the

stochastic process

S = (St)t∈N0 = ((Xt, Vt, Lt, Gt))t∈N0 = ((X0, V0, L0, G0), (X1, V1, L1, G1), . . .)

is defined, consisting of

• Xt = (Xn,dt )1≤n≤N,1≤d≤D (d-th coordinate of the position of particle n

after step t),

• Vt = (Vn,dt )1≤n≤N,1≤d≤D (d-th coordinate of the velocity of particle n

after step t),

• Lt = (Ln,dt )1≤n≤N,1≤d≤D (d-th coordinate of the local attractor of par-
ticle n after step t),

• Gt = (Gn,dt )1≤n≤N,1≤d≤D, (d-th coordinate of the global attractor be-
fore step t+ 1 of particle n).

To simplify notation, Xnt denotes the vector (Xn,1t , ..., Xn,Dt ) (analogously, Vnt ,
Lnt , G

n
t ) and X

d
t the vector (X1,dt , ..., X

N,d
t ) (analogously, Vdt , L

d
t , G

d
t ), when-

ever the context allows a clear distinction. Furthermore, G̃n,dt denotes the

d-th coordinate of the global attractor after the t-th step of particle n, i. e.,

G̃n,dt = Gn+1,dt if n < N, and G̃N,dt = G1,dt+1. With a given distribution for

(X0, V0) and the values G10 := argmin1≤n≤N{f(X
n
0 )} and L0 := X0, St+1 =

(Xt+1, Vt+1, Lt+1, Gt+1) is determined by the following recursive equations,

the movement equations:

• Vn,dt+1 = χ · Vn,dt + c1 · rn,dt+1 · (Ln,dt − Xn,dt ) + c2 · sn,dt+1 · (Gn,dt − Xn,dt ) for
t ≥ 0,

• Xn,dt+1 = Xn,dt + Vn,dt+1 for t ≥ 0,

• Lnt+1 = argmin{Xnt+1,L
n
t }
f,
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3. PSO as a Stochastic Process

• Gn+1t = argmin{Lnt+1,G
n
t }
f for t ≥ 0, 1 ≤ n ≤ N− 1,

• G1t+1 = argmin{LNt+1,G
N
t } f for t ≥ 0.

In case of a tie when applying argmin, similar to the PSO version in [OH07],

the new value prevails, i. e., whenever a particle finds a search point with

value equal to the one of its local attractor, this point becomes the new local

attractor. If additionally the value is equal to the one of the global attrac-

tor, this one is also updated. Here, χ, c1 and c2 are some positive constants

called the fixed parameters of S, and rn,dt , sn,dt are uniformly distributed over

[0, 1] and all independent, i. e., each of the rn,dt and sn,dt is identified with a

differentωi from Definition 3.3.

If after the t-th step the process is stopped, the solution found by S so

far is G̃Nt . This process describes exactly the PSO variant of Algorithm 1 in

Section 2.2. The major part of this thesis will study the limit of the sequence

(G̃Nt )t∈N as t tends to∞.

Definition 3.8 describes the common movement equations with the same

two specifications as stated in the algorithmic description of PSO (Section

2.2, Algorithm 1): If a particle visits a point with the same objective value as

its current local attractor or the current global attractor, then the respective

attractor is updated to the new point. As pointed out in [OH07], this is cru-

cial in the case of objective functions that are constant on some area with a

positive Lebesgue measure. As the second specification, the global attractor

is updated after every step of a single particle, not only after every iteration

of the whole swarm. Another common variant of PSO, sometimes known

as parallel PSO, only updates the global attractor after every iteration of the

whole swarm. However, due to the choice we make here, the information

shared between the particles is as recent as possible.

From Definition 3.8, it follows that (St)t∈N has the Markov property, i. e.,

the distribution of St+t0 given all the previous values (S0, . . . , St0) is the same

as the distribution of St+t0 given only St0 . This is clear because St+1 is for-

mulated in terms of St and some random variables rn,dt+1 and s
n,d
t+1 which are

independent of the past of S. Another interesting property of this stochastic

process that follows immediately from the movement equations is the fol-

lowing:

Observation 3.1. Let S be a swarm and ((Xt, Vt, Lt, Gt))t∈N0 its correspond-

ing stochastic process. Let Lk denote the k-dimensional Lebesgue measure,

L[Y] the distribution of a random variable Y and “�” (just in this observa-

tion) absolute continuity between two distributions. Assuming L[(X0, V0)]
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� L2·N·D, it follows L[Xt] � LN·D for every t ≥ 0. If Xnt 6= G̃Nt for every n,

then for every t ′ > t, L[Xt ′
∣∣ St]� LN·D almost surely.

This observation follows from the structure of the movement equations,

i. e., the entries of Xt are weighted sums of the entries of X0, which by as-

sumption has probability 0 to hit any fixed Lebesgue null set, and values that

are chosen uniformly and independently from certain intervals. If Xnt 6= G̃Nt
for every n, then for every t ′ > t, the entries of Xt ′ are sums of constants

depending on St and a non-empty sum of values, chosen uniformly and in-

dependently from certain intervals.

For the coming analysis, we introduce the notion of a potential of a swarm.

Basically, the potential is an extension of the physical interpretation of the

particle swarm model. If the particles move faster and get farther away from

their global attractor, the potential increases. If the swarm converges, the

potential tends towards 0. At the different stages of the analysis, different

measures for the potential will be useful. The following definition describes

the two most frequently used formulations for a measure of the potential.

Definition 3.9 (Potential). For a > 0, we define the measure Φn,dt for the

potential of swarm S in dimension d right before the t-th step of particle n

as

Φn,dt :=

√√√√ n−1∑
n ′=1

(
a|Vn

′,d
t |+|Gn,dt−1 − X

n ′,d
t |

)
+

N∑
n ′=n

(
a|Vn

′,d
t−1 |+|Gn,dt−1 − X

n ′,d
t−1 |

)
.

To simplify notation, Φ̃n,dt describes the same potential measure in dimen-

sion d after the t-th step of particle n, i. e.,

Φ̃n,dt :=

√√√√ n∑
n ′=1

(
a|Vn

′,d
t |+|G̃n,dt−1 − X

n ′,d
t |

)
+

N∑
n ′=n+1

(
a|Vn

′,d
t−1 |+|G̃n,dt−1 − X

n ′,d
t−1 |

)
.

As another measure for the potential, we define the potential of particle n

in dimension d right after the t’th step of the last particle N as

Yn,dt :=
√

|Vn,dt |+
√
|G1,dt − Xn,dt |.

While Φ only measures the potential of the whole swarm, Ynt is able to

measure the potential of a single particle. Note that this are not the only

possible choices for a meaningful measure of the swarm’s potential. How-

ever, for technical reasons explained later, this particular potential measures,
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including the additional parameter a for later use and the occurring square

roots, are necessary. General tendencies towards 0 or∞ are invariant under

the different measures. In particular, Φ1t+1 and
∑N
n=1 Y

n,d
t are equivalent in

the sense that they deviate by at most a constant factor.

3.5 Discussion of Previous Results

In the light of this new model for PSO, which we will use for the rest of this

thesis, some of the previous positive and negative results, relevant for the

results of this thesis, need to be revisited in more detail.

3.5.1 Negative Results

Since the goal of this thesis is to prove rigorous results about the convergence

of the PSO process and the runtime, a discussion of the various negative re-

sults, which appear to be in contradiction to the results of this thesis, is nec-

essary. A very popular negative result comes from considering the following

situation (e. g., [vdBE10, Wit09, PE03, BM14]).

X1t = L
1
t = . . . = X

N
t = LNt = G1t = z,

V1t = . . . = VNt = 0,

for some z ∈ RD, i. e., all the attractors and particles’ positions are located at

the same point z ∈ RD and every velocity is 0. From Definition 3.8, it follows

that

X1t ′ = L
1
t ′ = . . . = X

N
t ′ = L

N
t ′ = G

1
t ′ = z,

V1t ′ = . . . = V
N
t ′ = 0,

for every t ′ ≥ t. That means that the particles will stay at z forever, no

matter how good or bad f(z) is. Therefore, so the claim frequently found in

the literature, providing any positive result about the quality of the returned

solution or even about the runtime is impossible.

However, if the positions and velocities of the initial population are dis-

tributed in some natural way, e. g., uniformly at random over K, Observa-

tion 3.1 states that the swarm has similar restrictions as a process consisting
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only of variables that are sampled u. a. r. in the sense that events with proba-

bility 0 in the latter case also have probability 0 in the first case. Since RD is

not enumerable, under uniform sampling no point in RD is drawnmore than

once and therefore the particle swarm also does not visit any pointmore than

once. This implies that this well-studied equilibrium when every particle is

at the global attractor and has velocity 0 is a state that the process may con-

verge to but that can never be reached. In other words: The probability for

the above mentioned equilibrium to be reached within any finite time t is 0

and therefore, this pathological event has no effect on the expected runtime.

Another, yet more refined negative result can be found in [LW11]. Here, the

authors consider the very simple, 1-dimensional objective function SPHERE,

defined as

SPHERE(x) = x2,

and construct an event that indeed has a positive probability to occur and

fromwhich the particles will with probability 1 not reach a certain neighbor-

hood of the unique local and therefore global optimum at 0. To be precise,

the authors of [LW11] proof the following theorem.

Theorem 3.8 (Proposition 1 in [LW11]). The first hitting time τε with respect

to ε is defined as the first time when the algorithm obtains a search point

x ∈ RD, such that |f(x)| < ε, i. e., the first time when the algorithm finds a

search point with a value atmost εworse than the optimum. Then there is an

ε > 0, such that the classical PSO with inertia factor χ < 1 and one particle

has infinite expected first hitting timewith respect to ε on the 1-dimensional

SPHERE.

In the following, we briefly outline the proof idea. If (without loss of gen-

erality) the particle is initialized at a negative position and has a positive ve-

locity, then both attractors will be equal to its current position until it passes
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3. PSO as a Stochastic Process

the optimum at 0. This implies that until the optimum is passed, we have

V1,1t = χt · V1,10 and therefore

X1,1t = X1,10 +

t−1∑
s=0

·V1,1s

= X1,10 + V1,10 ·
t−1∑
s=0

χs

≤ X1,10 + V1,10 ·
∞∑
s=0

χs

≤ X1,10 + V1,10 ·
1

1− χ
.

Since χ < 1, 1/(1 − χ) is a bounded value, there is a positive probability for

the event X1,10 + V1,10 ·
1
1−χ < −

√
ε, if ε > 0 is sufficiently small. In [LW11],

the authors call such an event a bad initialization event. Consequently, there
is a positive probability for the particle to never hit any value closer than√
ε to the optimum at 0, which implies that for the considered objective

function SPHERE, no point with a function value of at most ε will be visited.

Note that the condition χ < 1 is not a true restriction since this is one of

the convergence conditions identified in [JLY07b, JLY07a]. Therefore, the

authors of [LW11] have proved that the classical PSO with only one particle

is not an effective optimizer.

On the other hand, for generalizing the same idea to the case of more than

one particle, further restrictions to the parameters χ, c1 and c2 are necessary.

The result for the case of two particles is as follows.

Theorem 3.9 (Theorem 1 in [LW11]). Consider the classical PSO with two

particles on the 1-dimensional SPHERE. If χ < 1, 1 < c2 < 2, V
1,1
0 , V

2,1
0 ≤ 0,

κ < 1 where

κ :=
c22 − 2 · c2 + 2+ 2 · χ · c2

4 · c2

+

√
(c22 − 2 · c2 + 2+ 2 · χ · c2) · (c22 + 6 · c2 + 2+ 2 · χ · c2)

4 · c2
,

and

X1,10 , X
2,1
0 > 2 · ε+ 2 · c2 ·

(
|X2,10 − X1,10 |+ |V1,10 |+ |V2,10 |

(1− χ) · (1− κ)

)
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all hold together, then the expected first hitting time with respect to ε is

infinite.

The proof idea is the same as in Theorem 3.8, i. e., under the stated as-

sumptions, the swarmwill with positive probability never pass the optimum.

However, the crucial prerequisite of Theorem 3.9 is κ < 1. We can easily ver-

ify that this is typically violated by parameters common in the literature.

Table 3.1 provides an overview over some parameter choices famous in the

literature and the resulting values for κ.

Table 3.1: Famous parameter choices and the resulting values for κ

χ c1 c2 κ

0.72984 1.49617 1.49617 1.78756

0.72984 2.04355 0.94879 1.91517

0.6 1.7 1.7 1.66267

Therefore, the result from [LW11] does not contradict a runtime analysis

of the classical PSO with appropriately chosen parameters.

3.5.2 Convergence Analysis

The convergence analysis from [JLY07b, JLY07a] provides results about the

expectation and the variance of the particles’ positions under the assump-

tion that the local and global attractor are constant. Although in this thesis

we do not make this assumption, we will use an altered version of their proof

in Chapter 4, therefore we present the main results and the proof here. With

constant local attractors Lnt =: Ln and a constant global attractor Gnt =: G,
we can write movement equations can as

Vn,dt+1 = χ · Vn,dt + c1 · rn,dt+1 · (Ln,d − Xn,dt ) + c2 · sn,dt+1 · (Gd − Xn,dt ), (3.12)

Xn,dt+1 = X
n,d
t + Vn,dt+1. (3.13)

Since the processes ((Xn1,d1t , Vn1,d1t ))t∈N and ((Xn2,d2t , Vn2,d2t ))t∈N are inde-

pendent of each other if n1 6= n2 or d1 6= d2, it is sufficient to study just one

of these processes, or equivalently formulated, to study the case of only one

particle in a 1-dimensional search space. Therefore, the upper indices n and

d will be omitted for the rest of this section.
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3. PSO as a Stochastic Process

Theorem 3.10 (Theorem 1 in [JLY07b]). Given χ, c1, c2 ≥ 0, if and only if

0 ≤ χ < 1 and 0 < c1 + c2 < 4 · (1 + χ), iterative process (E[Xt])t∈N is

guaranteed to converge to

µ :=
c1 · L+ c2 ·G
c1 + c2

.

Proof. The proof from [JLY07b] will be briefly recalled. Rewriting Equation

(3.13) as Vt+1 = Xt+1−Xt, we can in Equation (3.12) replace Vt+1 by Xt+1−Xt
and Vt by Xt − Xt−1. After collecting terms, we obtain

Xt+1 = (1+χ−c1 ·rt+1−c2 ·st+1) ·Xt−χXt−1+c1 ·rt+1 ·L+c2 ·st+1 ·G (3.14)

and consequently

E[Xt+1] = (1+ χ−
c1 + c2
2

) · E[Xt] − χ · E[Xt−1] +
c1 · L+ c2 ·G

2
. (3.15)

Equation (3.15) is a linear recursion of second order for the sequence (E[Xt])t∈N

with characteristic polynomial

λ2 −

(
1+ χ−

c1 + c2
2

)
· λ+ χ.

The sequence (E[Xt])t∈N converges if and only if the eigenvalues

λ1, λ2 =
1

2
·

(1+ χ− c1 + c2
2

)
±

√(
1+ χ−

c1 + c2
2

)2
− 4 · χ


both have an absolute value strictly less than 1. As straightforward calcula-

tions show, this is the case for 0 ≤ χ < 1 and 0 < c1 + c2 < 4 · (1 + χ). The
actual limit µ of the sequence is then found by solving the equation

µ = (1+ χ− c1 · rt+1 − c2 · st+1) · µ− χ · µ+ c1 · rt+1 · L+ c2 · st+1 ·G,

which is obtained from Equation (3.14) by replacing Xt+1, Xt and Xt−1 with

µ.

Similarly, the authors of [JLY07b, JLY07a] calculated conditions for the se-

quence (Var[Xt])t∈N to converge. Their result is
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Theorem 3.11 (Theorem 3 in [JLY07b]). Given χ, c2, c2 ≥ 0, if and only if

0 ≤ χ < 1, c1 + c2 > 0 and f > 0 where

f := 1−

((
1+ χ−

c1 + c2
2

)2
+
1

12
· (c21 + c22) − χ

)
· (1− χ) − χ3

are all satisfied together, iterative process (Var[Xt])t∈N is guaranteed to con-

verge to

1

6
·
(
c1 · c2
c1 + c2

)2
· (G− L)2 · 1+ χ

f
.

As a consequence, if the parameter restrictions from Theorem 3.10 and

Theorem 3.11 hold and G = L, i. e., the global attractor is equal to the local

attractor, then both theorems together imply that the positions of all par-

ticles converge towards µ almost surely because the expectation E[Xt] con-
verges towards µ and the variance Var[Xt] converges towards 0. Additionally,
we can derive a result about the convergence speed. Since the solution of the

recursive Equation 3.15 has the form

E[Xt] = d1 · λt1 + d2 · λt2 + µ

for some constants d1 and d2, the expected difference between Xt and µ de-

creases exponentially in t.

Although this result relies on constant local and global attractors, a prereq-

uisite that in general we cannot assume, the calculations can be generalized

to the case of attractors that are not a priori constant, but have a bounded

and small area, e. g., a neighborhood of the global optimum, which they do

not leave. We will introduce, prove and use this generalization in the second

part of Chapter 4.
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4. Convergence of 1-dimensional PSO

After invalidating the different negative results, stating that classical particle

swarm optimization (PSO) was unable to converge towards a local optimum,

this chapter contains the main theoretical results of this thesis, namely pos-

itive results about the quality and the convergence speed of the unmodified

PSO algorithm for certain classes of 1-dimensional objective functions. In

the first part of this chapter, we present a proof of the convergence of PSO

towards a local optimum, showing that under comparatively mild assump-

tions about the objective function, the particles find at least a local optimum.

In the second part, we apply the drift theory methods introduced in Chapter

3 in order to prove that for an also very large class of objective functions, PSO

converges towards the optimum with linear convergence speed, i. e., the dis-

tance between the global attractor and the actual optimum is halved within

a constant number of iterations.

Note that we prove all the results in this chapter completely rigorously, that

means we only make certain restrictions on the set of admissible objective

functions, while we do not modify the PSO algorithm. Instead, we fully take

its stochastic nature into account andmake no unproved assumptions about

the behavior of the particles.

4.1 Particle Swarm Optimization Almost Surely Finds Local Optima

Finding a global optimum of a given objective function f is the ultimate goal

of any optimization method. However, in a continuous domain, achieving

this goal is hardly possible because two functions with different global op-

tima can be very similar andmight differ only on an arbitrary small subset of

the search space. For an example of two such functions f1 and f2, see Figure

4.1.
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(a)Objective function f1(x).
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(b)Objective function f2(x).

Figure 4.1: Two possible objective functions f1 and f2. The area on which

both are equal is large but the global optima are far away from

each other.

Therefore, in order to handle such functions, an algorithm needs to enter

every arbitrary small subcube of the search space. This request is in con-

tradiction with convergence because convergence of the algorithm implies

that after some finite time only points within a certain neighborhood are

queried. Therefore, for the rest of the search space, only a finite number of

function evaluations is performed, which is insufficient to hit every arbitrary

small subcube. Therefore, the actual goal of our analysis performed here is

to prove that the classical PSO algorithm finds at least a local optimum.

PSO is designed to handle any objective function, but for the rest of this

section, only objective functions from the setF defined below are considered.

Definition 4.1. Let f : RD → R be a function. f ∈ F if and only if

(i) there is a compact set K ⊂ RD with positive Lebesgue measure, such

that P(Xn0 ∈ K) = 1 for every n and

{
x ∈ RD

∣∣ f(x) ≤ supK f
}
(the

island) is bounded;

(ii) f is continuous.

Restriction (i) states that there is a compact set K such that for all x ∈ K,
the set of all search points y at least as good as x, i. e., all y with f(y) ≤ f(x),
is a bounded set. For illustration of this restriction, see Figure 4.2.

Since the particles are initialized insideK and since f(Gnt ) is non-increasing
in t, (i) ensures that the possible area for the global attractor is limited if the

positions of all particles are initialized inside of K (being on any point of the
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4.1 Particle Swarm Optimization Almost Surely Finds Local Optima

Initialization of particles' positions

Possible area of global attractor

Figure 4.2: Valid objective functions.

island is better than being in the sea). If for example lim|x|→∞ f(x) =∞ or if

f has compact support and is negative onK, (i) is already satisfied. E. g., com-

mon benchmark functions like the function SPHERE or the function ROSEN-

BROCK ([Ros60]) are in F. On functions that violate (i), the swarm might

move forever because either they do not necessarily have a local optimum

like f(x) = x or they have an optimum, but improvements can be made arbi-

trary far away from it, like, e. g. in the case of the function f(x) = x2/(x4+1),
where x = 0 is the only local and the global optimum, but if the particles

are far away from 0, they tend to further increase the distance because f con-

verges to 0 as |x| approaches∞. Figure 4.3 gives an illustration of this situ-

ation. Under such circumstances, convergence cannot be expected and it is

necessary to restrict the function class in order to avoid this. However, (ii)

might be the only true restriction. Note that every continuous function is

in particular measurable, therefore restricting the set of admissible objec-

tive functions according to Definition 4.1 avoids the problem mentioned in

Section 3.1.2.

83



4. Convergence of 1-dimensional PSO

-20 -15 -10 -5 0 5 10 15 20
0

0.5

1

1.5

2

2.5

3

3.5

4
particle

local attractor

global attractor

(a) After initialization
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(b) After iteration 1
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(c) After iteration 2

Figure 4.3: Particles processing f(x) = x2/(x4 + 1) and moving away from

the only local optimum because of the misleading landscape.

4.1.1 Proof of Convergence Towards a Local Optimum

For proving the convergence of a particle swarm, we first define the exact

sense of “swarm convergence.”

Definition 4.2 (Swarm Convergence). Swarm S converges if there almost

surely is a point z such that the following two conditions hold:

1. limt→∞ Vt = 0 (the movement of the particles tends to zero),

2. limt→∞ Xnt = z for eachn ∈ {1, . . . ,N} (every particlemoves towards z).

A consequence of the above conditions is that limt→∞Gnt = z almost

surely and limt→∞ Lnt = z almost surely for every n ∈ {1, . . . ,N}. Although

the convergence analysis in the literature ([JLY07a]) usually makes the as-

sumption that at least the global attractor is constant forever, a prerequisite
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4.1 Particle Swarm Optimization Almost Surely Finds Local Optima

that because of Observation 3.1 cannot be assumed here, the generalization

of the convergence proof from [JLY07a], showing that their results still hold

under the weaker assumption of only the convergence of the attractors, is

straight-forward.

Our goal is to prove more, namely, that under the stated assumptions

about f the swarm is able to find a local minimum. Here, the notion of

the potential of a swarm comes into play. Roughly speaking, as long as the

swarm has potential high enough to overcome the distance to at least one

local minimum, the probability to find it within a few steps is positive. A

problem occurs when the value of the potential is too low for the swarm to

overcome the distance to the next optimum by only a small number of steps.

In other words, if f is monotonically decreasing in some direction and on an

area that is large in comparison to the potential of the swarm, the particles

must be able to “run down the hill,” i. e., they must be able to surpass every

distance as long as f decreases. The following definition formally describes

the situation of a swarm while it is “running down the hill.”

Definition 4.3 (Running Particle Swarm). Let d0 ≤ D be an arbitrary di-

mension. The swarm S is called positively running in direction d0 at time t,

if the following properties hold for every n ∈ {1, . . . ,N}:

• Gn,d0t = max1≤i≤N{X
i,d0
t ′ } for t ′ = t+ 1 if i < n and t ′ = t otherwise,

• sign(Ln,d0t − Xn,d0t ) ≥ 0,

• Vnt ≥ 0 for every n.

Analogously, the swarm is called negatively running in direction d0 at time t,

if

• Gn,d0t = min1≤i≤N{X
i,d0
t ′ } for t ′ = t+ 1 if i < n and t ′ = t otherwise,

• sign(Ln,d0t − Xn,d0t ) ≤ 0,

• Vnt ≤ 0 for every n.

Intuitively, one may think of running as the behavior a swarm shows when

itmoves through an area that ismonotone in one dimensiond0, while chang-

es in any other dimension are insignificant. Therefore, in case of a positively

running swarm, the larger the d0’th entry of a position or attractor is, the

better is its function value. Note that if the state of being running is main-

tained long enough, all particles will eventually overcome their own local
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4. Convergence of 1-dimensional PSO

attractors. From that point on, as long as the swarm stays running, the local

attractors of the particles are identical to their current positions. An example

of a running swarm is presented in Figure 4.4.

particle

local attractor

global attractor

Figure 4.4: A particle swarm in the state called “running”.

Example 4.1. Consider a 1-dimensional particle swarm and the objective

function f(x) = −x. Assume that the velocities of the particles are all posi-

tive. Then the swarm is positively running in direction 1 forever. It is obvious

that the position with the greatest x-value leads to the smallest value of f(x)
and therefore becomes the global attractor. It remains to prove that the ve-

locity of every particle stays positive. Given the old velocity Vn,1t , the new

velocity Vn,1t+1 is a positive linear combination of the three components Vn,1t ,

Gn,1t − Xn,1t and Ln,1t − Xn,1t . The value for Vn,1t is positive by assumption,

Gn,1t −Xn,1t and Ln,1t −Xn,1t are non-negative sinceGn,1t ≥ Ln,1t ≥ Xn,1t . There-

fore, the velocity stays positive and the swarm will stay positively running

forever. In that situation, a good behavior would be increasing (or at least

non-decreasing) Φ.

The negative results of [LW11], recalled in Section 3.5.1 of the previous

chapter, can be read in the following way: “Under certain conditions on the

parameters χ, c1 and c2, a running swarm loses potential and therefore con-

verges.”

Informally speaking, if a swarm S has a too smallΦ to make it to the next

local minimum, it is necessary that Φ increases after S has become run-

ning, and so Φ enables the swarm to overcome every distance. The follow-

ing lemma is the central technical observation of this section and makes a

statement about how to choose the parameters to make sure that a running

swarm has an exponentially increasing potential.
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Lemma 4.1 (Running to Infinity Lemma). For certain parameters N, χ, c1
and c2, there is a q, 0 < q < 1, such that the event that the swarm S is posi-

tively (negatively, resp.) running in direction d0 and has a positive potential

Φ implies that on expectation the reciprocal of the potentialΦ decreases by

at least a factor of q, in terms:

E

[
Φ1,d0t

Φ1,d0t+1

∣∣ Φ1,d0t > 0∧ S positively running ,Ft−1

]
< q. (4.1)

Therefore, if S stays positively running forever, then Vn,d0t +Xn,d0t (−Vn,d0t −

Xn,d0t , resp.) tends to∞ for every n almost surely and the swarm leaves every

bounded set B ⊂ RD almost surely.

Proof. To ease up notation, the upper index d0 is omitted for the rest of this

proof. Without loss of generality, we can assume that the swarm is positively

running. Note that due to Observation 3.1, the case Φnt = 0 for some t and

some n has probability 0 and can therefore be neglected.

First, we need to bound the expression E

[
Φ1t/Φ

1
t+1

∣∣ Φ1t > 0∧ S positively

running,Ft−1
]
for the concrete choice of potential from Definition 3.9.

Values for N, χ, c1 and c2, for which this potential fulfills Equation (4.1)

for a q < 1 need to be determined. In other words, during one iteration of all

particles, the reciprocal of the potential should decrease on expectation by

at least a factor of q. By inserting the definition of Φ and applying the fact

that the swarm is positively running and therefore Xnt ≤ G1t and Vnt−1 ≥ 0 for
every n, we obtain:

Φ1t
Φ1t+1

=

√√√√∑N
n ′=1

(
a · |Vn ′

t−1|+ |G1t−1 − X
n ′
t−1|
)∑N

n ′=1

(
a · |Vn ′

t |+ |G1t − X
n ′
t |
)

=

√√√√∑N
n ′=1

(
a · Vn ′

t−1 +G
1
t−1 − X

n ′
t−1

)∑N
n ′=1

(
a · Vn ′

t +G1t − X
n ′
t

)
=

√√√√ ∑N
n ′=1

(
a · Vn ′

t−1 +G
1
t−1 − X

n ′
t−1

)∑N
n ′=1

(
a · Vn ′

t +N · (G̃n ′
t−1 −G

n ′
t−1) +G

1
t−1 − X

n ′
t

)
=

√
1∑N

n ′=1
wn ′
xn ′

≤
N∑

n ′=1

wn ′ ·
√
xn ′ ,
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where

wn ′ :=
a · Vn ′

t−1 +G
1
t−1 − X

n ′
t−1∑N

i=1

(
a · V it−1 +G1t−1 − Xit−1

)
and

xn ′ :=
a · Vn ′

t−1 +G
1
t−1 − X

n ′
t−1

a · Vn ′
t +N · (G̃n ′

t−1 −G
n ′
t−1) +G

1
t−1 − X

n ′
t

.

The last inequality follows from the generalized weighted mean inequality

between the (−1)-mean and the (1/2)-mean with weights wn ′ . Note that

the wn ′ sum up to 1 and that they only depend on St−1, i. e., they are Ft−1-
measurable. Therefore, it follows

E

[
Φ1t
Φ1t+1

∣∣ Ft−1
]
≤ E

[
N∑

n ′=1

wn ′ ·
√
xn ′

∣∣ Ft−1
]

=

N∑
n ′=1

wn ′ · E
[√
xn ′

∣∣ Ft−1] ≤ max

n ′=1...N
E

[√
xn ′

∣∣ Ft−1]
It remains to show, that E

[√
xn ′

∣∣ Ft−1] ≤ q for every n ′ and a q < 1. By

applying the definition of xn ′ and the movement equations and replacing

the non-negative term c1 · rn
′

t · (Ln
′

t−1−X
n ′
t−1) with 0 in the first “≤”, we obtain

xn ′ =
a · Vn ′

t−1 +G
1
t−1 − X

n ′
t−1

a · Vn ′
t +N · (G̃n ′

t−1 −G
n ′
t−1) +G

1
t−1 − X

n ′
t

≤
a · Vn ′

t−1 +G
1
t−1 − X

n ′
t−1

a · (χ · Vn ′
t−1 + c2 · sn

′
t · (Gn

′
t−1 − X

n ′
t−1))+

· · ·+N ·max{0, Xn
′

t−1 + χ · Vn
′

t−1 + c2 · sn
′

t · (Gn
′

t−1 − X
n ′
t−1) −G

n ′
t−1}+

· · ·+G1t−1 − Xn
′

t−1 − χ · Vn
′

t−1 − c2 · sn
′

t · (Gn
′

t−1 − X
n ′
t−1)

=
a · Vn ′

t−1 +G
1
t−1 − X

n ′
t−1

(a− 1) · (χ · Vn ′
t−1 + c2 · sn

′
t · (Gn

′
t−1 − X

n ′
t−1)) +G

1
t−1 − X

n ′
t−1+

· · ·+N ·max{0, Xn
′

t−1 + χ · Vn
′

t−1 + c2 · sn
′

t · (Gn
′

t−1 − X
n ′
t−1) −G

n ′
t−1}
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There are two distinct cases. In the first case, the position of particle n ′

before its step is equal to the global attractor, in terms Gn
′

t−1 = Xn
′

t−1, which

in particular implies that G1t−1 = Xn
′

t−1 since X
n ′
t−1 ≤ G1t−1 ≤ Gn

′
t−1. Then its

move is deterministic and its new position will be the new global attractor.

In this case, we obtain:

E

[√
xn ′

∣∣ Ft−1] ≤
√

a · Vn ′
t−1

(a− 1) · χ · Vn ′
t−1 +N · χ · Vn

′
t−1

=

√
a

(a− 1) · χ+N · χ
,

which is less than q if and only if a < (N− 1) · χ·q2
1−χ·q2 .

The second case when G1t−1 > X1t−1 requires more exhaustive but still

straight-forward calculations. The expression

sup

v>0,g≥d>0

∫ 1
0

√
av+ d

(a− 1)(χv+ c2sg) +Nmax{0, χv+ c2sg− g}+ d
ds

= sup

v ′>0,g ′>1

∫ 1
0

√
av ′ + 1

(a− 1)(χv ′ + c2sg ′) +Nmax{0, χv ′ + c2sg ′ − g ′}+ 1
ds

needs to be bounded.

The calculation of the integral can be done explicitly and finding the val-

ues for v ′ and g ′ maximizing it for given a, χ, c2 andN using standard tech-

niques from analysis is straight-forward. Obviously, the greater the number

of particles is, the smaller is the value of the integral, so we calculate themin-

imal number of necessary particles ensuring that the integral is less than 1

for three common parameter choices obtained from the literature. For the

choice of χ = 0.72984, c2 = 1.496172 recommended in [CK02, BK07], we

choose a := 2.3543 and obtain forN = 2 an upper bound of q ≤ 0.9812. For
the choice χ = 0.72984 and c2 = 0.94879 ([CD01]), we require at leastN = 3
particles and the choice of a := 5.1298 leads to q ≤ 0.9964. Finally, for the
choice χ = 0.6, c2 = 1.7 as proposed in ([Tre03]), for N = 3 and a := 2.5847
we obtain a value of q ≤ 0.9693.

In Figure 4.5, we can see the borderlines between choices for c2 and χ that

satisfy the conditions of Lemma 4.1 and those that do not. We will refer to

the parameters that satisfy both Lemma 4.1 and the convergence require-

ments from Theorem 3.11 as “good” parameters. They are a counterpart to
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Figure 4.5: Borders between the too low values for c2 and χ and the ones

large enough to satisfy the requirements in Lemma 4.1 for some

swarm sizes N.

the parameters satisfying the conditions of [LW11] from Section 3.5.1 in the

previous chapter, which can be seen as “bad” parameters that allow stagna-

tion on arbitrary search points with positive probability. However, there are

still parameters that satisfy neither the conditions from Section 3.5.1 nor the

conditions here, so they are neither good nor bad. From here on, we assume

that the parameters are good.

Lemma 4.1 says that, given the parameters are good, a swarm that moves

into the right direction can overcome every distance and increase its poten-

tial, no matter how small it was in the beginning. In other words: The equi-

librium, when all attractors and particles are on the same point and every

velocity is zero, is not stable because arbitrary small changes of an attractor,

a position or a velocity can be sufficient to lead the swarm far away from

this equilibrium, as long as there is a direction with decreasing value of the

objective function. This is already sufficient to prove the main result of this

section.

Theorem 4.1. If D = 1, then every accumulation point of the sequence of

global attractors G = (Gnt )n=1,...,N;t∈N is a local minimum of f almost surely.

Proof. Assume for contradiction, that there is an accumulation point z ∈ R
such that (w. l. o. g.) f is monotonically decreasing onBτ(z) = (z−τ, z+τ) for
some τ > 0. Since z is an accumulation point, for every ε > 0 G is inside the
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4.1 Particle Swarm Optimization Almost Surely Finds Local Optima

ε-neighborhood Bε(z) = (z− ε, z+ ε) of z infinitely often. Figure 4.6 gives a

visualization of the described situation. Note that Gnt entering [z, z + τ] for
any t and any n violates the assumption of z being an accumulation point.

That is because the global attractor does not accept worsenings, so for any ε

with ε < |z−Gnt |, Bε(z) will not be entered by the global attractor anymore.

Figure 4.6: Objective function f monotonic on Bτ(z), global attractor in ε-
neighborhood of z

Now two cases need to be considered. The first case is that there is at least

a second accumulation point (that might even be a local optimum). This

second accumulation point must yield the same function value as z and can

therefore not be inside Bτ(z). Consequently, infinitely often, a particle has

a distance of at least τ between its local and its global attractor. From this

situation, the probability for hitting [z, z + τ] within the next few steps is

positive and the probability for never hitting [z, z + τ] would be 0. To prove

this, it is sufficient to outline a sequence thatmoves the particle into [z, z+τ].

Several different situations could occur: There are essentially three pos-

sible orders of the particle, its local attractor and z, depending on which of

this three points is between the other two. Furthermore, the velocity could

be close to 0 or large and it could point in two different directions. Since the

calculations showing that hitting [z, z+τ]has a positive probability fromeach

of the situations are straight-forward, we present them exemplary only. Con-

sider the case where z is located between the particles position Xnt and its lo-

cal attractor Lnt and has a velocityVnt with |Vnt | ≤ (c1·|Lnt −Xnt |−|z−Xnt |−τ)/χ
pointing away from Lnt . Then, any choice of rnt ∈ I with

I =

[
|z− Xnt |+ τ/4− χ · |Vnt |

c1 · |Lnt − Xnt |
,
|z− Xnt |+ 3/4 · τ− χ · |Vnt |

c1 · |Lnt − Xnt |

]
∩ [0, 1]

leads to Xnt+1 ∈ [z, z+ τ]. Since

|z− Xnt |+ τ/4− χ · |Vnt | ≤ |z− Xnt |+ τ/4 ≤ c1 · |Lnt − Xnt |− 3/4 · τ
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4. Convergence of 1-dimensional PSO

and

|z− Xnt |+ 3/4 · τ− χ · |Vnt | ≥ c1 · |Lnt − Xnt |− τ/4,

we have |I| ≥ min{1, τ
4·c1·|Lnt −Xnt |

}. If |Vnt | is larger than assumed above, we re-

quire at most two additional steps in order to decrease it sufficiently. Similar

calculations for all the other cases show that there is indeed always a positive

probability to hit [z, z+ τ] within a constant number of iterations. Addition-

ally, since |Lnt −X
n
t | is stochastically bounded due to the choice of admissible

objective functions, the probability can not converge to 0. It follows that the

probability to never hit [z, z+ τ] in case of a second accumulation point is 0.

If z is the only accumulation point, the attractors converge towards z. As

a consequence of the results in [JLY07a], this implies that the whole swarm

converges to z. That is the point were Lemma 4.1 becomes useful. Since f

is monotonic on Bτ(z), the local and the global attractor are always greater

or equal to the current position of the particle. Therefore the velocities will

with probability 1 all become positive after a finite number of iterations and

stay positive. It follows that each particle will exceed its local attractor almost

surely after a finite number of iterations. At that time, the swarm becomes

positively running at least until the first particle surpasses a local minimum

and therefore leaves Bτ(z). With Lemma 4.1, this will happen after a finite

number of iterations almost surely, a contradiction to the convergence of the

swarm towards z.

So, z is no accumulation point of Gnt .

Although this theorem does not state that the swarm converges at all, it is

easy to derive a corollary about convergence from it by either only taking the

sequence (f(Gnt ))t∈N into account or adding more restrictions to the set of

admissible objective functions.

Corollary 4.1. If D = 1, then f(Gnt ) converges towards the value of a local

minimum. Particularly, if no two local minima have the same value, thenGnt
converges towards a local minimum. If the swarm converges towards a point

z ∈ R, then z is a local minimum.

Proof. The first statement follows directly from Theorem 4.1. From Defini-

tion 4.1, it follows that the sequence of the global attractors over the time is

bounded and therefore has at least one accumulation point. If there is more

than one accumulation point, then f has the same value on each of them

because f is continuous. Due to Theorem 4.1, every accumulation point is

a local minimum, so if there are no two local minima with the same value,
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4.1 Particle Swarm Optimization Almost Surely Finds Local Optima

then there is only one accumulation point that therefore is the limit of Gnt .

That proves the second statement. The third statement again is a direct con-

sequence of Theorem 4.1 because convergence of the swarm implies conver-

gence of Gnt .

4.1.2 Experimental Setup

In order to supplement the theoretical findings, we present a number of ex-

perimental results. Since the model of the PSO algorithm is formulated in

terms of real numbers, standard double precision machine numbers turned

out to be insufficient to capture all the interesting phenomena. If the num-

ber of iterations is large, certain values leave the range of double precision

numbers and become either zero or infinity. For example, if the position of a

particle has an absolute value which is, say, 1020 times larger than its velocity,

then the sum of the old position and the new velocity exactly equals the old

position and the particle does not move at all. In order to avoid such arti-

facts of machine numbers, an implementation based on the mpf_t data type

of the GNU Multiple Precision Arithmetic Library ([mpf14]) is used, which

was developed as a part of [Raß14]. Initially, the implementation starts with

a precision of 2.000 binary digits and increases the precision when neces-

sary. More precisely: On every addition and subtraction, a test whether the

current precision needs to be increased is performed.

Most of the observed curves behave either exponentially decreasing or ex-

ponentially increasing, such that an arithmetic mean of several test runs

would reflect more or less only the one test run which obtained the largest

value. Therefore, whenever nothing else is stated, every presented data point

stands for the geometric mean of 1.000 test runs. Note that the geometric

mean of some data set x1, . . . , xk can be formulated as 2m, where m is the

arithmetic mean of log2 x1, . . . , log2 xk. Therefore, it is a good measure for

the average behavior of some process which decreases or increases exponen-

tially.

Whenever in experiments we measure the potential via Φt as defined in

Definition 3.9, we set the parameter a to 1 as long as nothing else is stated.
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4. Convergence of 1-dimensional PSO

4.1.3 Experimental Results on the Potential gain

We examine the behavior of a 1-dimensional PSO with respect to the po-

tential experimentally. If the swarm is close to a local optimum and there is

no second local optimumwithin range, the attractors converge and it is well-

known that with appropriate choices for the parameters of PSO, convergence

of the attractors implies convergence of the whole swarm. Such parameter

selection guidelines can be found, e. g., in [JLY07a].

On the other hand, if the swarm is far away from the next local optimum

and the objective function is monotone on an area that is large compared

to the current potential of the swarm, the preferred behavior of the swarm

is to increase the potential and to move in the direction that yields the im-

provement until a local optimum is surpassed and the monotonicity of the

function changes. As pointed out in Section 3.5.1, the authors of [LW11] show

that there are non-trivial choices of parameters for which the swarm con-

verges even on a monotone function. In particular, ifN = 1, every parameter

choice either allows convergence to an arbitrary point in the search space,

or it generally prevents the one-particle-swarm from converging, even if the

global attractor is already at the global optimum. Therefore, the minimum

size of a swarm with optimizing behavior is N = 2.
In order tomeasure the increase of potential, the particle swarm algorithm

is run on a monotone function to measure the course of the potential over

time.

Experiment 4.1. We choose the 1-dimensional function f(x) = −x as ob-

jective function, wanting the swarm always “running down the hill.” Note

that this choice is not a restriction, since the particles compare points only

qualitatively and the behavior is exactly the same on any monotone decreas-

ing function: The new attractors are the points with greater x-coordinate.

Therefore, we use only one function in the experiment. The parameters for

the movement equations are common choices obtained from the literature.

The number of iterations is set to 2.000 iterations and the potential (mea-

sured as Φ according to Definition 3.9 with a set to 1) is stored at every

iteration.

The geometricmeans for different configurations of the swarmparameters

N, χ, c1 and c2 are presented in Figure 4.7.

As stated in the proof of Lemma 4.1, the increase of the potential of a run-

ning particle swarm is expected to be exponential in the number of steps the

swarmmakes. The cases (a), (c) and (e) are covered by the analysis and show
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Figure 4.7: Course of potential during 2000 Iterations for different parame-

ter sets.

(a) χ = 0.72984, c1 = c2 = 1.49617, N = 2 [CK02]
(b) χ = 0.72984, c1 = 2.04355, c2 = 0.94879, N = 2 [CD01]

(c) χ = 0.72984, c1 = 2.04355, c2 = 0.94879, N = 3 [CD01]

(d) χ = 0.6, c1 = c2 = 1.7, N = 2 [Tre03]
(e) χ = 0.6, c1 = c2 = 1.7, N = 3 [Tre03]

the expected behavior as an exponential increase of the potential. Cases (b)

and (d) are not covered by the analysis, here the number of particles is be-

low the bound that is proved to be sufficient. However, case (d) still works,

even though the increase of the potential is much smaller than in the prov-

ably good cases (a), (c) and (e). Only in case (b) where only two particles

are involved, we can see the potential decreasing exponentially because the

number of particles is presumably too small. In this case, the swarm will

eventually stop, i. e., stagnate. But we also see in case (c) that using one

additional particle and not changing the remaining parameters enables the

swarm to keep its motion.

In all cases, for the small swarm size of N ≥ 3, the common parameter

choices avoid the problem mentioned in [LW11].
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4. Convergence of 1-dimensional PSO

4.2 Proof of Linear Convergence Time

After having the proof that in the 1-dimensional case PSO finds the local

optimum, it follows in particular convergence towards the global optimum

if the objective function f is unimodal. At that point, the question of the

runtime arises.

In this section, a method for formally proving runtime results is intro-

duced. This method is based on drift theory and will make use of Theorem

3.7, the multiplicative drift theorem for continuous search spaces we pro-

posed in the previous chapter. In order to apply it, a measure Ψ is needed

that measures the progress of the particle swarm and the distance to the de-

sired state of the swarm, i. e., the smaller Ψ is, the closer is the swarm to the

state when all particles stand on the optimum and all velocities are 0. The

crucial part of the proposed technique is the proper choice of Ψ. The dis-

tancemeasureΨmust not only depend of the global attractor alone, because

it will turn out that the swarm can encounter situations when the chance to

improve the global attractor within the near future is very small. Therefore,

the analysis needs to identify such barriers, i. e., situations which do not al-

low sufficient improvements of the global attractor, in the following called

bad events, and to take into account the self-healing property of the particle

swarm, i. e., its ability to recover from such bad events.

As a result, we obtain that the swarm converges linearly towards the opti-

mum, where linear convergence rate means that the time for halving the dis-

tance to the limit is constant or equivalently, the number of digits, in which

the current value and the limit agree, increases linearly over time.

For the rest of this section, we consider only 1-dimensional, unimodal

functions. Since PSO is invariant under translations, we assume without loss

of generality that the unique optimum is at 0.

4.2.1 Measuring the Distance to Optimality

In this section, we introduce the proposed distance measure for analyzing

the runtime of the classical, 1-dimensional PSO and establish the necessary

drift condition to apply Theorem 3.7.

Themeasurewill be composed of twodifferent kinds of components. There

will be a so-called primarymeasureΨ(0)
t , measuring what is recognized as ac-
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tual progress of the algorithm. The primary measure should be non-increas-

ing and 0 if and only if the swarm has converged towards an optimal point.

As it turns out, the natural candidates for a primary measure, namely |G1t |

and f(G1t), are both bad choices. As for |G1t |, since f is not assumed to be

symmetric, we can not assume that points closer to 0 are always better. The

choice f(G1t) does not yield the same weakness, i, e., it preserves the order

between the points with respect of their quality, but the amount by which

f(G1t) decreases when the global attractor is updated depends too much on

the unknown objective function f. So, the measure f(G1t) is very hard to han-

dle. These considerations show that measures in terms of the size of the area

that yields an improvement, are better choices.

Definition 4.4. For a fixed search space S and a point x ∈ S, A(x) denotes
the area inside S of search points that are at least as good as x with respect

to the objective function f. In terms:

A(x) := {y ∈ S | f(y) ≤ f(x)}.

A possible candidate for the primary measure Ψ
(0)
t is |A(G1t)|, but for tech-

nical reasons, we measure not only the quality of the global attractor, but

also the quality of every single local attractor. The exact choice of our pri-

mary measure will be stated in Definition 4.5 below.

However, for the primary measure alone, we cannot expect any drift con-

dition to hold. In order to see this, consider, e. g., the following pathological

situations: If the global attractor is already close to the optimum, but the

squared potential of the swarm is orders of magnitudes higher than the re-

maining distance to the optimum, then the probability for an update of the

global attractor is (arbitrarily) close to 0. Therefore, we cannot hope for the

drift condition (3.11) of Theorem 3.7 with a constant δ > 0 to hold. An-

other such pathological situation occurs when the swarm potential is much

smaller than the difference between global attractor and optimum. In that

situation, updates will happen frequently but the updated position will be

very close to the original one, so the overall progress is still small.

In order to handle situations that prevent the swarm from improving its

primary measure, additional measures called secondary measures Ψ(i)
t are

used, measuring the badness of a configuration, where “bad” means that the

particles are prevented from performing significant improvements of their

primary measure. In order to prove linear convergence time, the first step is

to find secondary measures Ψ
(i)
t and events B

(i)
t , the bad events, with B

(i)
t ∩

B
(j)
t = ∅ for i 6= j, such that the following conditions hold:
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1. The secondary measures do not worsen unboundedly, i. e., E[
∑
i Ψ

(i)
t+1

∣∣
Ft] ≤ C · (Ψ(0)

t + Ψ
(i)
t ) with a constant C > 0,

2. In the situation B
(i)
t , the particle swarm can heal itself, i. e., E[Ψ

(i)
t+1

∣∣
Ft, B(i)

t ] ≤ (1− δi) · Ψ
(i)
t with a constant δi > 0,

3. If B
(i)
t holds, the other secondary measures are much smaller thanΨ

(i)
t ,

i. e., B
(i)
t ⇒ ∀j 6= i : Ψ(j)

t � Ψ
(i)
t ,

4. IfB
(i)
t holds,Ψ

(i)
t has at least a constant fraction of the primarymeasure

Ψ
(0)
t , i. e., B

(i)
t ⇒ Ψ

(i)
t ≥ Ψ

(0)
t /di,

5. If none of the bad events holds, the primary measure fulfills the drift

condition, i. e.,

⋂
i B

(i)
t ⇒ E[Ψ

(0)
t+1

∣∣ Ft, B(0)
t ] ≤ (1 − δ0) · Ψ

(0)
t with a

constant δ0 > 0,

6. If none of the bad events holds, the primarymeasure has at least a con-

stant fraction of every secondary measure, i. e.,

⋂
i B

(i)
t ⇒ ∀i : Ψ(i)

t ≤
Di · Ψ

(0)
t ,

7. At the beginning, the secondary measures have a finite expectation,

i. e., the particles are initialized such that E[Ψ
(i)
0 ] <∞,

8. A swarmconverging towards the optimum implies that every secondary

measure converges towards 0.

If we can find a set of secondary measures and corresponding bad events,

such that the conditionsmentioned above are satisfied, the actual optimality

measure results as aweighted sumof the primary and all secondarymeasures

and has the form

Ψt := CΨ · Ψ
(0)
t +

∑
i

Ψ
(i)
t

with some constant CΨ > 0 that emphasizes the influence of the primary

measure. If at some time t the event B
(i)
t holds, 2. guarantees an expected

decrease of Ψ
(i)
t . At the same time, the other secondary measures might

increase, but because of 1. their increase is bounded by a constant times their

own value plus the value of the primary measure. Because of 3. and with CΨ
sufficiently large, this value is insignificant compared to Ψt, so the sum over
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all secondary measures still decreases. With 4 and the fact that Ψ(0)
is non-

increasing, it follows that the decrease of the secondary measures leads to a

noticeable decrease of Ψt.

If at time t no B
(i)
t holds, 5. implies that the primary measure decreases

by a constant factor. However, the secondary measures might be by at most

a constant factor larger than Ψ
(0)
t and they might increase by at most a con-

stant factor. In order to avoid an increase of Ψ, the influence of the primary

measure is strengthened by multiplying it with a constant CΨ, sufficiently

large to guarantee that the decrease of CΨ ·Ψ
(0)
t is noticeable larger than the

largest possible increase of

∑
i Ψ

(i)
t .

Note that instead of the drift conditions in 2. and 5., weaker requirements

are still sufficient, i. e., instead of insisting on an expected decrease within

the next step, an expected decrease within a properly chosen,Ft-measurable

time σ(t) is sufficient. Condition 7. is typically easy to verify and 8. follows

from the others and is only stated as an additional hint when searching for a

good set of secondary measures. But verifying 1.-6. requires more effort and

a lot of technical calculations.

For the 1-dimensional setting, we specify the primary and secondarymea-

sures as follows:

Definition 4.5 (Distance measure). For some constant CΨ to be fixed later,

the optimality measure Ψ = (Ψ0, Ψ1, . . .) is defined as

Ψt := CΨ ·
N∑
n=1

√
|A(Lnt )|+

N∑
n=1

Ynt +
|A(G1t)|

Φ1t+1
,

with

Ynt =
√
|Vnt |+

√
|G1t − X

n
t |

and

Φ1t+1 =

√√√√ N∑
n=1

(
a · |Vnt |+ |G1t − X

n
t |
)

as already defined in Definition 3.9. I. e., the primary measure is

Ψ
(0)
t :=

N∑
n=1

√
|A(Lnt )|
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and the secondary measures are

Ψ
(1)
t := ΨHt :=

N∑
n=1

Ynt

and

Ψ
(2)
t := ΨLt :=

|A(G1t)|

Φ1t+1
.

The associated bad events are

B
(1)
t := BHt :=

{
N∑
n=1

Ynt ≥ cH ·
N∑
n=1

√
|A(Lnt )|

}

and

B
(2)
t := BLt :=

{
|A(G1t)|∑N
n=1 Y

n
t

≥ cL ·
N∑
n=1

(Ynt +
√
|A(Lnt )|)

}
with two constants cH and cL to be fixed later.

The occurring square roots have rather technical reasons. Informally, we

think of BHt as the event that at time t the potential is too high, so the prob-

ability for improving the primary measure at all is small. Again due to tech-

nical reasons, ΨHt measures the potential in a different way than just Ψ1t+1.

Similarly, BLt describes the event of a too small potential at time t, so the

updates cannot reduce the primary measure significantly. The parameters

cH and cL quantify the “badness” of the respective situation and are used

as control parameters in 3., i. e., as will become clear soon, the larger cH is

chosen, the smaller will ΨLt be whenever BHt holds. Similarly, the larger cL is

chosen, the smaller will ΨHt be whenever BLt holds.

In the following section, we will verify that the optimality measure, as

defined in Definition 4.5, indeed satisfies all the requirements and therefore

is the tool of choice to prove the expected linear convergence time of the PSO

algorithm.

For the rest of this chapter, we will use the convention to write const for a

positive constant, depending only on the swarm parameters χ, c1, c2 and N

and sometimes on the potential parameter a, where any two occurrences of

const do not necessarily refer to the same constant. Additionally, if we want

to emphasize the dependencies of a const, we write, e. g., const(χ, c1, c2).
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4.2.2 Lower Bounds for the Decrease of the Distance Measure

We need to examine the three measures ΨHt , Ψ
L
t and Ψ

(0)
t in order to verify

that they decrease sufficiently fast whenever the according event occurs and

that they never increase too fast. While the general bounds on the increase

of the according measures are in most cases intuitively clear, it is not obvi-

ous that, e. g., in case of a very high potential, ΨHt reduces sufficiently fast.

Therefore, before we present the formal proofs, we perform experiments to

illustrate that the stated measures are indeed a good choice and yield the

desired behavior.

High Potential

The first case is that the swarm potential is too large, i. e., much larger than

the areas that yield an improvement for either the global or the local attrac-

tor. In Section 3.5.2, a convergence analysis was presented, showing that un-

der the assumption of constant and identical attractors, the potential of the

swarm converges with linear convergence speed towards 0. To verify that this

result is stable, i. e., that the potential still decreases sufficiently fast if the

attractors are not constant but can move only inside an area which is small

compared to the swarm potential, we perform an experiment to see how the

swarm behaves when its attractors are very close to the optimum while the

potential is comparatively high.

In order to study the behavior of a swarm with a too high potential, we

choose two objective functions, namely SPHERE, defined as

SPHERE(x) = x2,

and SPHERE
+
([LW11]), defined as

SPHERE
+(x) =

{
SPHERE(x), if x ≥ 0,∞, otherwise.

The functions can be seen in Figure 4.8a and Figure 4.8b.

In case of SPHERE,A(z) is for every z ∈ R a symmetric interval around the

optimum 0, while for the function SPHERE
+
, the optimum is at the upper

bound of the interval A(z) for every z ∈ R, z ≥ 0.
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(a) 1-dimensional function SPHERE.
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(b) 1-dimensional function SPHERE
+
.

Figure 4.8: The symmetric function SPHERE and the asymmetric function

SPHERE
+
.

Experiment 4.2. For each of the two objective functions, we use the swarm

sizes N = 2 and N = 10. We initialize the velocities uniformly at random

over [−100, 100] and choose the particles’ starting positions from the interval

[−10−100, 10−100] in case of SPHERE and [0, 10−100] in case of SPHERE
+
. I. e.,

the distance to the optimum is smaller than 10−100, while the velocities are

of order 100 and therefore the potential is comparatively high. Figure 4.9

shows the obtained values for ΨHt . We can see that indeed the potential of

the swarm increases with a speed neither depending much on the objective

function nor on the number of particles. Since the updates of attractors are

the only way the swarm reacts on the objective function, and since in the

configuration with a too high potential attractor updates happen too seldom

to have high influence on the swarm’s movement, the behavior is the same

for both (and any other) objective functions.

Regarding the influence of the swarm size, the swarm with only two par-

ticles apparently decreases its potential slightly faster than the swarm with

10 particles. The reason for this is that the measure ΨHt sums up all the po-

tentials of the single particles and is therefore only a constant factor smaller

than the maximum potential over all particles. Since the particles move (al-

most) independently of each other, ΨHt behaves similar to the maximum of

N independent random variables and therefore increases withN even if the

distribution of the particles’ potentials itself remains unchanged.

Indeed, the analysis from Section 3.5.2 can be extended to cover the case

where the attractors are not constant but can move not further than a dis-

tance that is small in comparison to the current potential. We formally prove
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(a) Particles processing SPHERE after be-

ing initialized with a too high poten-

tial.
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(b) Particles processing SPHERE
+

after

being initialized with a too high po-

tential.

Figure 4.9: Particle swarm suffering from too high potential while process-

ing 10-dimensional objective functions SPHERE and SPHERE
+

with N = 2 or N = 10 particles, initialized with 1 or D/2 di-

mensions with too high potential.

the observation from Experiment 4.2 in the following lemma, which verifies

1.-4. for BHt .

Lemma 4.2. There are constants t ′H ∈ N, c ′H > 0, CH > 0, δH ∈ (0, 1) and
constH, depending only on c1, c2, χ andN, such that for every t0 ∈ N, every

tH ≥ t0 + t ′H and every cH > c
′
H, we have

E

[
N∑
n=1

YntH

∣∣ Ft0
]
≤ CH ·

(
N∑
n=1

Ynt0 +

N∑
n=1

√
|A(Lnt0)|

)
, (4.2)

E

[
N∑
n=1

YntH

∣∣ Ft0 , BHt0
]
≤ (1− δH) ·

N∑
n=1

Ynt0 , (4.3)

BHt0 implies |A(G1t0+1)|/Φ
1
t0+1
≤ constH · Ψt0/cH, (4.4)

BHt0 implies

N∑
n=1

Ynt0 ≥ Ψt0/
(
1+

CΨ + constH

cH

)
. (4.5)

Proof. To shorten notation, we write Et0 [ ◦ ] is E[ ◦
∣∣ Ft0 ], analogous Vart0 [ ◦ ]

and Covt0 [ ◦ ]. In order to use the results from Section 3.5.2, we first concen-
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4. Convergence of 1-dimensional PSO

trate only on a single particle n and express Et0 [Y
n
tH
] in terms of expectation

and variance without absolute value inside:

Et0

[√
|VntH |+

√
|G1tH − XntH |

]
≤

√
Et0 [|V

n
tH
|] +

√
Et0 [|G

1
tH

− XntH |]

≤
√
|Et0 [V

n
tH
]|+

√
Vart0 [V

n
tH
] (4.6)

+

√
|Et0 [G

1
tH+1

− XntH ]|+
√

Vart0 [G
1
tH

− XntH ],

where for the first inequality we applied Jensen’s inequality and the second

inequality follows from

E[|Z|] ≤ E[|Z− E[Z]|+ |E[Z]|]

≤
√

E[(Z− |E[Z]|)2] + |E[Z]| =
√

Var[Z] + |E[Z]|,

which follows from the triangle inequality and the generalizedmean inequal-

ity.

It remains to bound the expectation and the variance of the velocity and

the distance to the global attractor. The same task was done by Jiang et al. in

[JLY07a] under the assumption of constant local and global attractors. In this

situation here, the attractors are not constant but their movement is limited:

The local attractor of particle n can not leave A(Lnt ) and the global attractor

is as least as good as any local, so it will also stay inside every A(Lnt ). With

this observation, we can modify the analysis from Section 3.5.2 as follows.

From the movement equations, we obtain for every t ∈ N.(
Xnt+1
Xnt

)
=

(
1+ χ− c1+c2

2 −χ
1 0

)
︸ ︷︷ ︸

=:A

·
(
Xnt
Xnt−1

)
+

(
c1 · rnt · Lnt + c2 · snt ·Gnt

0

)

By iterating, we get

(
XntH
XntH−1

)
= AtH−t0 ·

(
Xnt0
Xnt0−1

)
+

tH−t0−1∑
t=0

Ai ·
(
c1 ·rnt0+t ·L

n
t0+t

+ c2 ·snt0+t ·G
n
t0+t

0

)
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4.2 Proof of Linear Convergence Time

and therefore∥∥∥∥( Et0 [X
n
tH
]

Et0 [X
n
tH−1

]

)∥∥∥∥
1

=

∥∥∥∥∥AtH−t0 ·
(
Xnt0
Xnt0−1

)
+
1

2
·
th−t0−1∑
t=0

At ·
(
Et0 [c1 · Lnt0+t + c2 ·G

n
t0+t

]

0

)∥∥∥∥∥
1

≤ ‖Q‖1 · |λmax|
th−t0 · ‖Q−1‖1

∥∥∥∥( Xnt
Xnt0−1

)∥∥∥∥
1

+
1

2
· ‖Q‖1 ·

1

1− |λmax|
· ‖Q−1‖1 · (c1 + c2) · |A(Lnt0)|,

whereQ is an invertible matrix such that A = Q ·D ·Q−1
for some diagonal

matrixD and λmax is an eigenvalue ofAwith largest absolute value. Note that

the parameter guidelines for χ, c1 and c2 suggested in [JLY07a] guarantee

|λmax| < 1. Since X
n
t−1 = X

n
t − V

n
t , we have

|Et0 [X
n
tH
]|+ |Et0 [V

n
tH
]|

≤ 2 · (|Et0 [X
n
tH
]|+ |Et0 [X

n
tH

− VntH ]|)

≤ 1

2
· c(χ, c1, c2) · (|λmax|

tH−t0 · (|Xnt0 |+ |Xnt0 − V
n
t0
|) + |A(Lnt0)|)

≤ c(χ, c1, c2) · (|λmax|
tH−t0 · (|Xnt0 |+ |Vnt0 |) + |A(Lnt0)|) (4.7)

with a constant c(χ, c1, c2), depending only on χ, c1 and c2.

Analogous calculations show that also for the variance√
Vart0 [X

n
tH
] +
√

Vart0 [V
n
tH
]

≤ c ′(χ, c1, c2) · (|λ ′max
|tH−t0 · (|Xnt0 |+ |Vnt0 |) + |A(Lnt0)|)

(4.8)

holds for some λ ′
max

with |λ ′
max

| < 1 and some constant c ′(χ, c1, c2). This

will turn out to yield a sufficient bound for the first square root in Equation

(4.6).

Now, we are going to bound the expected difference between the position

and the global attractor at time tH:

|Et0 [G
1
tH

− XntH ]| ≤ |A(Lnt0)|+ |Et0 [X
n
tH
]|

≤ |A(Lnt0)|+ c(χ, c1, c2) · (|λmax|
tH−t0 · (|Xnt0 |+ |Vnt0 |) + |A(Lnt0)|)

≤ c ′′(χ, c1, c2) · (|λmax|
tH−t0 · (|Xnt0 |+ |Vnt0 |) + |A(Lnt0)|) (4.9)
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4. Convergence of 1-dimensional PSO

Finally, Vart0 [G
1
tH

− XntH ] is bounded as follows with the Cauchy-Schwarz in-

equality in the second “≤”:

Vart0 [G
1
tH

− XntH ] ≤ Vart0 [G
1
tH
] + Vart0 [X

n
tH
] + 2 · |Covt0 [G

1
tH
, XntH ]|

≤ Vart0 [G
1
tH
] + Vart0 [X

n
tH
] + 2 ·

√
Vart0 [G

1
tH
] ·
√

Vart0 [X
n
tH
]

≤ |A(Lnt0)|
2 + Vart0 [X

n
tH
] + 2 · |A(Lnt0)| ·

√
Vart0 [X

n
tH
]

≤ |A(Lnt0)|
2 + (c ′(χ, c1, c2) · (|λ ′max

|tH−t0 · (|Xnt0 |+ |Vnt0 |) + |A(Lnt0)|))
2

+2 · |A(Lnt0)|
2 · c ′(χ, c1, c2) · (|λ ′max

|tH−t0 · (|Xnt0 |+ |Vnt0 |) + |A(Lnt0)|)

≤ c ′′′(χ, c1, c2) · (|λ ′max
|tH−t0 · (|Xnt0 |+ |Vnt0 |) + |A(Lnt0)|)

2
(4.10)

With (4.7), (4.8), (4.9) and (4.10), we can bound the right side of (4.6) as

follows:

Et0

[√
|VntH |+

√
|G1tH+1 − X

n
tH
|
]

≤ (
√
c+ c ′ +

√
c ′′ + c ′′′)︸ ︷︷ ︸

=:C̃H

·
√
λtH−t0 · (|Xnt0 |+ |Vnt0 |) + |A(Lnt0)|

≤ C̃H ·
√
λtH−t0 · (|G1t0 − X

n
t0
|+ |G1t0 |+ |Vnt0 |) + |A(Lnt0)|

≤ C̃H ·
√
λtH−t0 · (|G1t0 − X

n
t0
|+ |Vnt0 |) + (1+ λtH−t0) · |A(Lnt0)|

≤ C̃H ·
(
λ(tH−t0)/2 · Ynt0 +

√
2 · |A(Lnt0)|

)
where λ denotes max{|λmax|, |λ

′
max

|}. The statement (4.2) follows by summing

up over all particles and setting CH := C̃H ·
√
2.

Since

N∑
n=1

Ynt0 ≥ cH ·
N∑
n=1

√
|A(Lnt0)|

is equivalent to

N∑
n=1

√
|A(Lnt0)| ≤ 1/cH ·

N∑
n=1

Ynt0 ,
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4.2 Proof of Linear Convergence Time

we have

Et0

[
N∑
n=1

√
|VntH |+

√
|G1tH − XntH |

∣∣ N∑
n=1

Ynt0 ≥ cH ·
N∑
n=1

√
|A(Lnt0)|

]

≤ CH ·
(
λ(tH−t0)/2 +

1

cH

)
·
N∑
n=1

Ynt0 ≤ (1− δH) ·
N∑
n=1

Ynt0

with δH := 1 − CH ·
(
λ(tH−t0)/2 + 1

cH

)
. If cH ≥ 4 · CH =: c ′H and tH − t0 ≥

d2 · log(4 ·CH)/ log(1/λ)e =: t ′H, then δH ≥ 1/2. That proves statement (4.3).

Additionally, from

∑N
n=1 Y

n
t0
≥ cH ·

∑N
n=1

√
|A(Lnt0)|, it follows that

|A(G1t0)|/Φ
1
t0+1

= |A(G1t0+1)|/

√√√√ N∑
n=1

(a · |Vnt0 |+ |G1t0 − X
n
t0
|)

≤
√
2 ·N ·max{a, 1} · |A(G1t0)|/

N∑
n=1

(√
|Vnt0 |+

√
|G1t0 − X

n
t0
|

)

≤
√
2 ·N ·max{a, 1} · |A(G1t0)|/

(
cH ·

N∑
n=1

√
|A(Lnt0)|

)

≤
√
2 ·max{a, 1}

cH
·
N∑
n=1

√
|A(Lnt )| ≤ constH · Ψt/cH,

where constH :=
√
2 ·max{a, 1}. That finishes the proof of statement (4.4).

Finally, we have that

Ψt0 = CΨ ·
N∑
n=1

√
|A(Lnt0)|+

N∑
n=1

Ynt0 +
|A(G1t0)|

Φ1t0+1

≤ CΨ
cH
·
N∑
n=1

Ynt0 +

N∑
n=1

Ynt0 +
const

cH
·
N∑
n=1

Ynt0 ,

i. e.,

∑N
n=1 Y

n
t0
≥ Ψt0/(1 +

CΨ+constH
cH

). That finishes the proof of statement

(4.5).
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4. Convergence of 1-dimensional PSO

Low Potential

Our next goal is to examine the case when the potential is too small, such

that updates of the attractors happen frequently but themovement and there-

fore the decrease of |A(Gnt )| is insignificant. This happens if every particle

has velocity and distance to both attractors much smaller than the distance

to the optimum, i. e., the whole swarm is gathered close to a non-optimal

point. In Section 4.1.1, we have proved that this situation is not stable, i. e.,

the swarm enters a state in which every velocity points towards the optimum

and every particle updates its local attractor in every step. We called this state

running and we have shown that for an appropriate parameter choice, during

this state the potential increases exponentially.

For different parameter sets, we have provided experimental evidence in

Experiment 4.1 that even for a small number of particles, the swarm ac-

celerates. Here, we repeat a similar experiment. But instead of compar-

ing different parameter sets, we keep the standard parameters of this thesis

(χ = 0.72984, c1 = c2 = 1.496172) while the number of particles varies.

Experiment 4.3. We initialize the particles uniformly over [−100, 100] and
use the objective function f(x) = −x, which obviously has no local optimum

and is therefore useful for simulating the situation of a local optimumwhich

is far out of reach. Figure 4.10 shows the measured courses of the potentials

for swarm sizes from N = 2 to N = 10. We can see that the potentials

indeed increase exponentially. In contrast to the case of a high potential, the

number of particles indeed matters. Figure 4.10 clearly shows that with a

larger swarm size, the swarm charges potential faster and is therefore able to

heal itself faster from encountering the bad event BLt .

By reusing the result of Section 4.1.1, we can formally show that in presence

of a too small potential, the term ΨLt satisfies the desired condition, i. e., it

decreases sufficiently fast. The following lemma verifies 1.-4. for BLt .

Lemma 4.3. There are constants t ′L ∈ N, c ′L > 0, CL > 0, δL ∈ (0, 1) and
constL, depending only on c1, c2, χ andN, such that there is for every t0 ∈ N
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Figure 4.10: Particle swarm suffering from too low potentials while process-

ing the 1-dimensional objective function f(x) = −xwith swarm

sizes between N = 2 and N = 10 particles.

a Ft0-measurable time σL with t0 ≤ σL ≤ t0+ t ′L almost surely, such that for

every cL > c
′
L and every tL ≥ t0, the following statements are fulfilled.

E

[
|A(G1tL)|

Φ1tL+1

∣∣ Ft0
]
≤ CtL−t0L ·

|A(G1t0+1)|

Φ1t0
, (4.11)

E

[
|A(G1σL)|

Φ1σL+1

∣∣ Ft0 , BLt
]
≤ (1− δL) ·

|A(G1t0)|

Φ1t0+1
, (4.12)

BLt implies

N∑
n=1

Ynt0 ≤ constL · Ψt0/cL, (4.13)

BLt implies

|A(G1t0+1)|

Φ1t0+1
≥ Ψt0
1+ constL · CΨ/cL

. (4.14)

Proof. First, we establish the bound of the expected increase of |A(Gnt )|/Φ
1
t

without any further knowledge in order to prove statement (4.11). Since

|A(Gnt )| is non-increasing over time, we only need to bound Et0 [1/Φ
n
tH+1

].
First, the focus lies only on a single step of just one particle of the swarm.
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4. Convergence of 1-dimensional PSO

In order to simplify notation, we consider without loss of generality parti-

cle 1 as the one particle that is moved. The step of particle 1 can effect the

contributions of the other particles, if it updates the global attractor and

brings it closer to their positions. Therefore, a distinction between two cases

is made: The first case is that the contribution of particle 1 to the potential

is insignificant, so its step can only change the global attractor a little. In the

second case, particle 1 has a high contribution to the swarm potential. In

that case, its step might decrease the contributions of the other particles by

an arbitrary amount, but its own contribution decreases only within certain

bounds, therefore the whole swarm has a constant fraction of its potential

left. Let t ∈ N be an arbitrary point in time.

Case 1: The swarm potential is much larger than the potential of particle

1. More precisely:

N∑
n=1

|G1t−1−X
n
t−1| ≥ 2 ·N ·(χ · |V1t−1|+c1 · |L1t−1−X1t−1|+(c2+1) · |G1t−1−X1t−1|).

Since

|G̃1t−1 − X
n
t−1| ≥ |G1t−1 − X

n
t−1|− |G1t−1 − G̃

1
t−1|

≥ |G1t−1 − X
n
t−1|− |G1t−1 − X

1
t |

≥ |G1t−1 − X
n
t−1|− |G1t−1 − X

1
t−1|− |X1t − X

1
t−1|

= |G1t−1 − X
n
t−1|− |G1t−1 − X

1
t−1|− |V1t |

≥ |G1t−1 − X
n
t−1|− χ · |V1t−1|− c1 · |L1t−1 − X1t−1|

−(c2 + 1) · |G1t−1 − X1t−1|,

we have

N∑
n=1

|G̃1t−1 − X
n
t−1|

≥
N∑
n=1

(
|G1t−1 − X

n
t−1|− χ · |V1t−1|− c1 · |L1t−1 − X1t−1|

− (c2 + 1) · |G1t−1 − X1t−1|
)
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=
1

2
·
N∑
n=1

|G1t−1 − X
n
t−1|+

1

2
·
N∑
n=1

|G1t−1 − X
n
t−1|−N · χ · |V1t−1|

−N · c1 · |L1t−1 − X1t−1|−N · (c2 + 1) · |G1t−1 − X1t−1|

≥ 1
2
·
N∑
n=1

|G1t−1 − X
n
t−1|

This observation leads to

Φ̃1t =

√√√√a|V1t |+ |G̃1t−1 − X
1
t |+

N∑
n=2

(
a|Vnt−1|+ |G̃1t−1 − X

n
t−1|
)

≥

√√√√1

2
|G1t−1 − X

1
t |+

N∑
n=2

(
a|Vnt−1|+

1

2
|G1t−1 − X

n
t−1|

)

≥
√
1

2
·

√√√√|G1t−1 − X
1
t |+

N∑
n=2

(
a|Vnt−1|+ |G1t−1 − X

n
t−1|
)
.

On the other hand, we have

Φ1t =

√√√√ N∑
n=1

a|Vnt−1|+ |G1t−1 − X
n
t−1|

≤

√√√√a|V1t−1|+ |G1t−1 − X
1
t−1|+

N∑
n=2

(
a|Vnt−1|+ |G1t−1 − X

n
t−1|
)

≤

√√√√(1+ a

2Nχ

)
|G1t−1 − X

1
t−1|+

N∑
n=2

(
a|Vnt−1|+

a

2Nχ
|G1t−1 − X

n
t−1|

)

≤

√(
1+

a

2Nχ

)
·

√√√√|G1t−1 − X
1
t−1|+

N∑
n=2

(
a|Vnt−1|+ |G1t−1 − X

n
t−1|
)
.

It follows that

Φ̃1t ≥ Φ1t/
√
2 · (1+ a/(2 ·N · χ))

and therefore

Et−1[1/Φ̃
1
t ] ≤

√
2 · (1+ a/(2 ·N · χ))/Φ1t .
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4. Convergence of 1-dimensional PSO

Case 2: Particle 1 contributes significantly to the swarm potential. More

precisely:

N∑
n=1

|G1t−1−X
n
t−1| < 2 ·N ·(χ · |V1t−1|+c1 · |L1t−1−X1t−1|+(c2+1) · |G1t−1−X1t−1|).

Since particle 1 might be able to bring the global attractor closer to the

other particles, we cannot rely on their old distances to the global attractor

as a lower bound for the swarm potential after the step of particle 1. However,

the velocities of the remaining swarm members will stay the same. For the

potential after the step of particle 1, that means

Φ̃1t = a|V1t |+ |G̃1t−1 − X
1
t |+

N∑
n=2

(
a|Vnt−1|+ |G̃1t−1 − X

n
t−1|
)

≥ a|V1t |+ |G̃1t−1 − X
1
t |+

N∑
n=2

a|Vnt−1|.

On the other hand, the portion of the potential that comes from the dis-

tances of the particles 2, . . . ,N to the global attractor, i. e., the part that can

actually vanish is exactly the part that is bounded in terms of the contribu-

tion of particle 1 to the potential:

Φ1t =

N∑
n=1

a|Vnt−1|+ |G1t−1 − X
n
t−1|

≤ 2 ·N ·
(
χ · |V1t−1|+ c1 · |L1t−1 − X1t−1|+ (c2 + 1) · |G1t−1 − X1t−1|

)
+a|V1t−1|+

N∑
n=2

a|Vnt−1|.

By setting

b1 := 2 ·N · (χ · |V1t−1|+ c1 · |L1t−1 − X1t−1|+ (c2 + 1) · |G1t−1 − X1t−1|)

+ a · |V1t−1|+
N∑
n=2

a · |Vnt−1|,

b2 := a|V
1
t |+ |G̃1t−1 − X

1
t |,

c :=

N∑
n=2

a|Vnt−1|,
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and with the generalized weighted mean inequality, we obtain

Et−1[Φ
1
t/Φ̃

1
t ]

≤ Et−1

√√√√2N(χ|V1t−1|+ c1|L
1
t−1 − X

1
t−1|+ (c2 + 1)|G

1
t−1 − X

1
t−1|)

a|V1t |+ |G̃1t−1 − X
1
t |+
∑N
n=2 a|V

n
t−1|

+
a|V1t−1|+

∑N
n=2 a|V

n
t−1|

a|V1t |+ |G̃1t−1 − X
1
t |+
∑N
n=2 a|V

n
t−1|


= Et−1

[√
b1 + a

b2 + a

]

≤ Et−1

[
w ·

√
b1
b2

+ (1−w) ·
√
a

a

]
= w · Et−1

[√
b1
b2

]
+ (1−w)

for w = b1/(b1 + a) ≤ 1. Note that w is Ft−1-measurable. The term

Et−1[
√
b1/b2] is bounded in the following way:

Et−1

[√
b1
b2

]

= Et−1

[√
2 ·N · (χ · |V1t−1|+ c1 · |L1t−1 − X1t−1|+ (c2 + 1) · |G1t−1 − X1t−1|)

a · |V1t |+ |G̃1t−1 − X
1
t |

+
a|V1t−1|

a · |V1t |+ |G̃1t−1 − X
1
t |

]

≤ Et−1

√2 ·N · (χ · |V1t−1|+ c1 · |L1t−1 − X1t−1|+ (c2 + 1) · |G1t−1 − X1t−1|)
a · |V1t |

+
a · |V1t−1|
a · |V1t |

]

= Et−1

[√
2 ·N · (χ · |V1t−1|+ c1 · |L1t−1 − X1t−1|+ (c2 + 1) · |G1t−1 − X1t−1|)
a · |χ · |V1t−1|+ c1 · r1t · (L1t−1 − X1t−1) + c2 · s1t · (G1t−1 − X1t−1)|

+
a · |V1t−1|

a · |χ · |V1t−1|+ c1 · r1t · (L1t−1 − X1t−1) + c2 · s1t · (G1t−1 − X1t−1)|

]
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4. Convergence of 1-dimensional PSO

≤
√
4 ·N/a+ 1/χ·

· Et−1

[√
χ · |V1t−1|+ c1 · |L1t−1 − X1t−1|+ c2 · |G1t−1 − X1t−1|

|χ · |V1t−1|+ c1 · r1t · (L1t−1 − X1t−1) + c2 · s1t · (G1t−1 − X1t−1)|

]
.

The remaining expectation leads to an expression of the form∫ 1
0

∫ 1
0

√
1

|x+ r · y+ s · z|
drds

with |x|+|y|+|z| = 1, which is, as straight-forward calculations show, bounded

by some constant.

Both cases together show that on expectation the reciprocal of the swarm

potential increases by at most a constant factor during a single step. There-

fore, it also increases on expectation by at most a constant factor during a

complete iteration. That finishes the proof of statement (4.11).

The next goal is to verify the improved bound for the case of a very small

swarm potential. For simplicity, we use the notation

EL[ ◦ ] := Et0

[
◦
∣∣ |A(G1t0)|/ N∑

n=1

Ynt0 ≥ cL ·
N∑
n=1

(
Ynt0 +

√
|A(Lnt0)|

)]
,

PL( ◦ ) is used analogously. Note that

|A(G1t0)|/

N∑
n=1

Ynt0 ≥ cL ·
N∑
n=1

(
Ynt0 +

√
|A(Lnt0)|

)
implies

|A(G1t0)|/

N∑
n=1

Ynt0 ≥ cL ·
N∑
n=1

Ynt0

and therefore

|A(G1t0)| ≥ cL ·
( N∑
n=1

Ynt0

)2
≥ cL ·

N∑
n=1

(|Vnt0 |+ |G1t0 − X
n
t0
|).

In particular, for cL > 1, the condition implies that sign(G1t0) = sign(Xnt ) for
every particle n. Without loss of generality, we can assume that for every n
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4.2 Proof of Linear Convergence Time

Xnt0 < G
1
t0
< 0. First, we check that a large distance between a particle and

its local attractor increases the particles Y-value on expectation even within

a single step. Consider the case of |Ln0t0 − Xn0t0 | > 9 · N/c1 · |A(G1t0)|/cL for

some particle n0. Then, we have

EL

[
Φ1t0+1

Φ1t0+2

∣∣ |Lnt0 − Xnt0 | ≥ 9 ·N/c1 · |A(G1t0)|/cL
]

≤ EL

[√
2 ·N ·

∑N
n=1 Y

n
t0

|Vn0t+1|

∣∣ |Lnt0 − Xnt0 | ≥ 9 ·N/c1 · |A(G1t0)|/cL
]

≤ sup

s
n0
t0
∈[0,1]

∫ 1
0

√
2 ·N ·

∑N
n=1 Y

n
t0

|χ·Vn0t0 + c1 ·rn0t0 ·(L
n0
t0

− Xn0t0 ) + c2 ·s
n0
t0
·(Gn0t0 − Xn0t0 )|

drn0t0+1

≤ sup

s
n0
t0
∈[0,1]

(
√
2 ·N ·

N∑
n=1

Ynt0

)
· 2/(c1 · (Ln0t0 − Xn0t0 ))·

·
(√

|c1 · (Ln0t0 − Xn0t0 ) − χ · V
n0
t0

− c2 · sn0t0 · (G
n0
t0

− Xn0t0 )|

−
√
|χ · Vn0t0 + c2 · sn0t0 · (G

n0
t0

− Xn0t0 )|
)

≤

(
√
8 ·N ·

N∑
n=1

Ynt0

)
·

√
c1 · (Ln0t0 − Xn0t0 ) + χ · |V

n0
t0

|

c1 · (Ln0t0 − Xn0t0 )

≤

√8 ·N ·
√

|A(G1t0)|

cL

 ·
√
c1 · (Ln0t0 − Xn0t0 ) + χ ·

(∑N
n=1 Y

n
t0

)2
c1 · (Ln0t0 − Xn0t0 )

≤

√8 ·N ·
√
c1 · (Ln0t0 − Xn0t0 )

9 ·N

 ·
√
c1 · (Ln0t0 − Xn0t0 ) + χ · |A(G

1
t0
)|/cL

c1 · (Ln0t0 − Xn0t0 )

≤
(√

8/9 ·
√
c1 · (Ln0t0 − Xn0t0 )

)
·

√
c1 · (Ln0t0 − Xn0t0 ) · (1+ 1/(9 ·N))

c1 · (Ln0t0 − Xn0t0 )

=
√
8/9 · 1+ 1/(9 ·N) < 1,

i. e., in this situation we can set σL := 1. For the rest of the proof, we assume

that |Ln0t0 −X
n0
t0
| ≤ 9·N/c1 ·|A(G1t0)|/cL. In particular, for a sufficiently large cL

this guarantees that the local attractors also have the same sign as the global
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4. Convergence of 1-dimensional PSO

attractor, i. e., without loss of generality, we can assume that Xnt0 < Lnt0 <

G1t0 < 0 for every n.

There are two essentially different cases, depending on the shape of the

objective function f: Either, A(G1t0) has size about 2 · |G1t0 |, as it is the case

when processing, e. g., objective function SPHERE. Or |A(G1t0)| � |G1t0 |. In

the first case, the particles have a large area on which the function is mono-

tone to accelerate. In the second case, the monotone area might be too small

for a decent acceleration of the particles, but after overcoming the optimum

at 0, the particles improve the global attractor significantly.

In the proof of Lemma 4.1 in Section 4.1.1, we have shown that on a mono-

tone area the particles do actually accelerate, as soon as they have entered a

certain constellation. More precise, we have shown that for proper choices

of the swarm parameters χ, c1, c2,N and of the parameter a of the potential

and every t ∈ N,

Et[Φ
n
t /Φ

n
t+1

∣∣ Ft, ∃ε ∈ {−1, 1}, ∀n : sign(Vnt ) = sign(G1t − X
n
t ) = ε] ≤ q < 1

holds, where q depends only on χ, c1, c2, N and a.

The state “running” describes the situation when on a monotone area the

velocities all point towards the direction inwhich the function is falling. Note

that under such circumstances, themonotonicity of f implies that sign(Vnt ) =
sign(G1t − X

n
t ) = sign(Lnt − X

n
t ) for every particle n.

Since the improvements of |A(G)|/Φ start as soon as either the swarm

gets running or it surpasses 0, the strategy for the proof of statement (4.12)

is to separate the expectation into two conditioned expectations, one that

assumes that the swarm either started running or reached a positive position

not later than at a certain iteration t0 + t
′
0 and one that assumes that the

swarm did neither of both until time t0 + t
′
0. Let the stopping time τ be the

first time ≥ t when at least one of the two events happens, namely when

either the swarm is running or it reaches a position > 0. We have

EL[|A(G
1
σL
)|/Φ1σL+1]

= PL(τ ≤ t0 + t ′0) · EL[|A(G1σL)|/Φ
1
σL+1

∣∣ τ ≤ t0 + t ′0]
+ PL(τ > t0 + t

′
0) · EL[|A(G1σL)|/Φ

1
σL+1

∣∣ τ > t0 + t ′0]
≤ EL[|A(G

1
σL
)|/Φ1σL+1

∣∣ τ ≤ t0 + t ′0]
+ PL(τ > t0 + t

′
0) · EL[|A(G1σL)|/Φ

1
σL+1

∣∣ τ > t0 + t ′0] (4.15)

In the following, we will bound each of the three remaining expressions,

starting with EL[|A(G
1
σL
)|/Φ1σL+1

∣∣ τ > t0 + t ′0].
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4.2 Proof of Linear Convergence Time

Since the expectation EL[|A(G
1
σL
)|/Φ1σL+1

∣∣ τ > t0 + t ′0] is conditioned, we
cannot apply (4.11) for an upper bound. Instead, we prove a uniform bound

on the future swarm potential. This is possible because in the current situ-

ation, no particle can bring the global attractor closer to a different particle,

so each one can only damage its own contribution to the potential. The fol-

lowing calculations show that every iteration preserves at least a constant

fraction of the swarm potential. The updated values of particle n are

Vnt0+1 = χ · V
n
t0
+ c1 · rnt0+1 · (L

n
t0
− Xnt0) + c2 · s

n
t0+1
· (Gnt0 − X

n
t0
),

Xnt0+1 = X
n
t0
+ χ · Vnt0 + c1 · r

n
t0+1
· (Lnt0 − Xt0t

n) + c2 · snt0+1 · (G
n
t0
− Xnt0).

If Vnt0 is positive, it follows that

a · |Vnt0+1|+ |G1t0+1 − X
n
t0+1

| ≥ a · |Vnt0+1| ≥ a · χ · |V
n
t0
|

and additionally

a · |Vnt0+1|+ |G1t0+1 − X
n
t0+1

| = a · Vnt0+1 +G
1
t0+1

− Xnt0+1

≥ min{a, 1} · (Vnt0+1 +G
n
t0
− Xnt0+1)

= min{a, 1} · |Gnt0 − X
n
t0
|.

Since both bounds hold, any weighted mean of them is also a valid bound.

It follows

a · |Vnt0+1|+ |G1t0+1 − X
n
t0+1

| ≥ min{a, 1} · χ
min{a, 1}+ χ

· (a · |Vnt0 |+ |Gnt0 − X
n
t0
|).

If on the other hand Vnt0 is negative, two subcases need to be considered. If

−χ · Vnt0 ≥ (c1 + c2) · (Gnt0 − X
n
t0
), we have

−Vnt0+1 ≥ −χ · Vnt0 − c1 · r
n
t0+1
· (Lnt0 − X

n
t0
) − c2 · snt0+1 · (G

n
t0
− Xnt0)

≥ −χ · Vnt0 − (c1 + c2) · (Gnt0 − X
n
t0
) ≥ 0,

G1t0+1 − X
n
t0+1
≥ Gnt0 − X

n
t0
− Vnt0+1.

Consequently, for the contribution to the potential, we have

a · |Vnt0+1|+ |G1t0+1 − X
n
t0+1

| = −a · Vnt0+1 +G
1
t0+1

− Xnt0+1

= −(a+ 1) · Vnt0+1 +G
n
t0
− Xnt0

≥ −(a+ 1) · Vnt0+1 + 1/2 · (G
n
t0
− Xnt0) + 1/2 · (V

n
t0+1

− χ · Vnt0)/(c1 + c2)
≥ 1/2 · (Gnt0 − X

n
t0
) − χ/2 · 1/(c1 + c2) · Vnt0

≥ χ/2 · 1/(c1 + c2) ·min{1, 1/a} · (Gnt0 − X
n
t0
− a · Vnt0)

= χ/2 · 1/(c1 + c2) ·min{1, 1/a} · (a · |Vnt0 |+ |G1t0 − X
n
t0
|).
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4. Convergence of 1-dimensional PSO

If −χ · Vnt0 < (c1 + c2) · (Gnt0 − X
n
t0
), we obtain

a · |Vnt0+1|+ |G1t0+1 − X
n
t0+1

|

≥ min{a, 1} · (Vnt0+1 +G
n
t0+1

− Xnt0+1)

= min{a, 1} · (Gnt0+1 − X
n
t0
)

≥ min{a, 1} · (Gnt0 − X
n
t0
)

≥ min{a, 1} · χ

χ+ a · (c1 + c2)
(Gnt0 − X

n
t0
− a · Vnt0)

= min{a, 1} · χ

χ+ a · (c1 + c2)
(a · |Vnt0 |+ |Gnt0 − X

n
t0
|).

Putting both cases together and building the minimum over all appearing

constants leads to

Φ1t0+1 ≥ const ·Φ1t0 ,

where const = const(χ, c1, c2, a). This implies

EL[1/Φ
1
σL+1

∣∣ τ > t0 + t ′0] ≤ const
t ′0 · CσL−t0−t

′
0

L · 1/Φ1t0+1.

Now, we are going to bound the next term of (4.15), namely

EL[|A(G
1
σL
)|/Φ1σL+1

∣∣ τ ≤ t0 + t ′0].
Since the condition√

|A(G1t0)| ≥ cL ·
N∑
n=1

(√
|Vnt0 |+

√
G1t0 − X

n
t0

)
does not imply any lower bound on the number of iterations the swarm can

keep running, we first restrict the considerations to the case when

|Vnt0 |+ |G1t0 − X
n
t0
|+ |Lnt0 − X

n
t0
| ≤ |G1t0 |/

√
cL

for every n. Since

|Vnt0+1| ≤ χ · |V
n
t0
|+ c1 · |Lnt0 − Xt0 |+ c2 · |G

1
t0
− Xnt0 |,

|Lnt0+1 − X
n
t0+1

| ≤ |Lnt0 − X
n
t0
|+ |Vnt0+1|,

|G1t0+1 − X
n
t0+1

| ≤ |G1t0 − X
n
t0
|+

N∑
n ′=1

|Vn
′

t0+1
|,
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during one iteration

∑N
n=1 |V

n
t0
|+ |Lnt0−X

n
t0
|+ |G1t0−X

n
t0
| increases by at most

a factor const that depends only on c1, c2, χ and N. Therefore, we have for

every particle n:

|Xnt0+t ′0
−G1t0 | ≤ |G1t0 − X

n
t0
|+

t ′0−1∑
l=1

|Vnt0+l|

≤ |G1t0 | · (1/
√
cL +

t ′0−1∑
i=1

const
i/
√
cL) < |G1t0 |

for t ′0 ≤
log cL

log const
. This implies that the swarm will for t ′0 ≤

log cL
log const

reach no

positive position at time t0 + t
′
0 and therefore still be running.

In combination with the results from Lemma 4.1 of Section 4.1.1, this leads

to

EL[|A(G
1
σL
)|/Φ1σL+1

∣∣ τ ≤ t0 + t ′0] ≤ const
t ′0 · qσL−t0−t ′0 · |A(G1t0)|/Φ

1
t0+1

for t ′0 ≤
log cL

log const
.

It remains the case when

|Vnt0 |+ |Gnt0 − X
n
t0
|+ |Lnt0 − X

n
t0
| ≥ |G1t0 |/

√
cL

for somen. If that is the case, we cannot expect a large increase ofΦ. Instead,

we can expect a large decrease of |A(G)| since after the swarm stops running,

|A(G)| ≤ const · |G1t0 | will hold. Note that

|A(G1t0)|/cL ≥
N∑

n ′=1

|Vn
′

t0
|+ |Gn

′
t0

− Xn
′

t0
|+ |Ln

′
t0

− Xn
′

t0
|

implies here

|A(G1t0)| ≥
√
cL · |G1t0 |.

For our calculations regarding the decrease of |A(G1t0)|, we introduce a se-

quence of random variables (A ′t)t≥t0 , which has the constant value |A(G1t0)|
until the first particle surpasses the optimum at 0. From that point in time

on, during each step of a particle A ′t decreases by a factor of q/CL, i. e., A
′
t

pays for the possible decrease of Φ and additionally it decreases by a factor

of q. For the formal analysis, A ′t is defined in the following way:

A ′t0 := |A(G1t0)|

A ′t+1 :=

{
A ′t, if ∀s, t0 ≤ s ≤ t, ∀n : sign(Xns ) = sign(X1t0),

A ′t · (q/CL)N, otherwise.
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4. Convergence of 1-dimensional PSO

Similar to the previous case, we have

EL[A
′
σL
/Φ1σL+1

∣∣ τ ≤ t0 + t ′0] ≤ const
t ′0 · qσL−t0−t ′0 · |A(G1t0)|/Φ

1
t0+1

.

Now, we have to show that

|A(G1t0+t)| ≤ A
′
t0+t

for every t ≤ const(χ, c1, c2, N) · log cL. Let t0 + τ0 denote the first time

when some particle surpasses 0. For t < τ0, |A(G
1
t0+t

)| ≤ A ′t0+t follows

directly from the definition of A ′. For t ≥ τ0, let n0 be the first particle that

overcame the optimum at 0. We have

|A(G1t0+t+1)| ≤ |A(G̃n0t0+τ0+1)| ≤ |Xn0t0+τ0 − X
n0
t0+τ0−1

| = |Vn0t0+τ0 |. (4.16)

As a bound for the velocity when overcoming 0, we have

|Vn0t0+τ0 | ≤ χ · |X
n0
t0+τ0−1

− Xn0t0+τ0−2|+ c1 · (L
n0
t0+τ0−1

− Xt0+τ0−1)

+ c2 · (Gn0t0+τ0−1 − X
n0
t0+τ0−1

).
(4.17)

Before the time t0+ τ0, the largest possible distance between the position of

some particle n and 0 is bounded from above by

|Xnt0 |+

∞∑
t=0

χt · |Vnt0 | ≤ |G1t0 |+ |Xnt0 −G
1
t0
|+ 1/(1− χ) · |Vnt0 |

≤ |G1t0 |+ 1/(1− χ) · |A(G
1
t0
)|/cL

≤ const · |A(G1t0)|/
√
cL

for cL > 1. Therefore, we have for every n ≤ N and every s ≤ τ0

|Xnt0+s| ≤ const · |A(G1t0)|/
√
cL.

Since the global and local attractors are also former positions of some parti-

cles, this, together with (4.16) and (4.17), implies

|A(G1t0+t)| ≤ const · |A(G1t0)|/
√
cL.

From the definition of A ′, it follows that

A ′t0+t ≥ |A(G1t0)| · (q/CL)
N·t.
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For

t ≤ log(
√
cL/const)/(N · log(CL/q)) = const · log(cL)

and the choice

σL := t0 + const · log(cL),
it follows that

|A(G1t0+t)| ≤ const · |A(G1t0)|/
√
cL

≤ const ·A ′t0+t · (CL/q)
N·t/
√
cL

≤ A ′t0+t.

Therefore, we obtain

EL[|A(G
1
σL
)|/Φ1σL+1

∣∣ τ ≤ t0 + t ′0] ≤ EL[A
′
σL
/Φ1σL+1

∣∣ τ ≤ t0 + t ′0]
≤ const

t ′0 · qσL−t0−t ′0 · |A(G1t0)|/Φ
1
t0+1

.

Finally, we examine the last term of (4.15), namely the probability for the

swarm to become running or overcoming 0 until time t0+t
′
0. Once a particle

has a velocity pointing towards the optimum, it will not change its sign before

passing it. So, if the swarm is neither running at time t0+ t
′
0 nor has jumped

over 0, there is at least one particle n with a velocity pointing away from 0.

For this particle and every 0 < t < t ′0, we have

|Vnt0+t+1| ≤ χ · |V
n
t0+t

|− c1 · rnt0+t+1 · |L
n
t0+t

− Xnt0+t|

− c2 · snt0+t+1 · |G
n
t0+t

− Xnt0+t|

≤ |Vnt0+t+1| ≤ χ · |V
n
t0+t

|− c1 · rnt0+t+1 · (L
n
t0+1

− Xnt0+1)

≤ |Vnt0+t+1| ≤ χ · |V
n
t0+t

|− c1 · rnt0+t+1 · χ · |V
n
t0
|.

It follows, that

|Vnt0+t ′0
| ≤ χt ′0 · |Vnt0 |− c1 · χ · |V

n
t0
| ·
t ′0−1∑
t=1

χt
′
0−t−1 · rnt0+t+1

and therefore for every t

rnt0+t+1 ≤
χt

c1
.

Since the rnt0+t+1 are independent, we have

PL(τ > t0 + t
′
0) ≤ N ·

t ′0−1∏
t=1

χt

c1
= N · χ(t

′
0)
2/2

(
√
χ · c1)t

′
0

.
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Putting things together, we obtain

EL[|A(G
1
σL
)|/ΦnσL ] ≤ EL[|A(G

1
σL
)|/ΦnσL

∣∣ τ ≤ t0 + t ′0]
+ PL(τ > t0 + t

′
0) · EL[|A(G1σL)|/Φ

n
σL

∣∣ τ > t0 + t ′0]
≤ const

t ′0 · qσL−t0−t ′0 ·
|A(G1t0)|

Φ1t0+1
+

χ(t
′
0)
2/2

(
√
χ · c1)t

′
0

· constt ′0 ·
|A(G1t0)|

Φ1t0+1

=

(
const

t ′0 · qσL−t0−t ′0 + χ(t
′
0)
2/2

(
√
χ · c1)t

′
0

· constt ′0
)
·
|A(G1t0)|

Φ1t0+1
.

for every t ′0 ≤
log cL

log const
. To finish the proof of statement (4.12), we first choose

t ′0 sufficiently large, such that

χ(t
′
0)
2/2

(
√
χ · c1)t

′
0

· constt ′0 < 1/3.

Then, we choose σL sufficiently large to obtain const
t ′0 ·qσL−t0−t ′0 < 1/3. The

value t ′ is set accordingly. Finally, we choose cL sufficiently large to guarantee

t ′0 ≤
log cL

log const
. Note that all the choices only depend on the fixed parameters

of the swarm, i. e., on χ, c1, c2, N, a and q which itself depends only on

the other swarm parameters. With the choice of δL := 1/3, the proof of

statement (4.12) is finished.

From

|A(G1t0
)|∑N

n=1 Y
n
t0

≥ cL ·
∑N
n=1(Y

n
t0
+
√
|A(Lnt0)|), it follows that

N∑
n=1

Ynt0 ≤
|A(G1t0)|

cL ·
∑N
n=1 Y

n
t0

=
|A(G1t0)|

cL ·
∑N
n=1(

√
|Vnt |+

√
|G1t − X

n
t |)

≤
|A(G1t0)|

cL ·
√∑N

n=1(|V
n
t |+ |G1t − X

n
t |)

≤
max{

√
a, 1} · |A(G1t0)|
cL ·Φ1t+1

≤ max{
√
a, 1} · Ψt0/cL.

That proves statement (4.13).
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4.2 Proof of Linear Convergence Time

Finally,

|A(G1t0
)|∑N

n=1 Y
n
t0

≥ cL ·
∑N
n=1(Y

n
t0
+
√
|A(Lnt0)|) implies

Ψt0 = CΨ ·
N∑
n=1

√
|A(Lnt0)|+

N∑
n=1

Ynt0 +
|A(G1t0)|

Φ1t0+1

≤ (CΨ + 1)/cL ·
|A(G1t0)|∑N
n=1 Y

n
t0

+
|A(G1t0)|

Φ1t0+1

≤ max{
√
a, 1} · (CΨ + 1)/cL ·

|A(G1t0)|

Φ1t0+1
+

|A(G1t0)|

Φ1t0+1

= (max{
√
a, 1} · (CΨ + 1)/cL + 1) ·

|A(G1t0)|

Φ1t0+1
.

That finishes the proof of statement (4.14).

The Right Amount of Potential

The next step is to analyze the primary measure Ψ
(0)
t . The goal is to show

that when the potential is neither too high nor too low, the primary measure

indeed decreases on expectation by a factor of 1− δR. This is not surprising
and it can be clearly seen in experiments.

Experiment 4.4. We measure Ψ
(0)
t for N = 10 particles processing the ob-

jective functions SPHERE and SPHERE
+
after being initialized with positions

chosen randomly from [−100, 100] for SPHERE and from [0, 100] for SPHERE+

and with swarm sizes N = 2 and N = 10. The results can be seen in Figure

4.11. Indeed, the primary measure decreases exponentially over time. Sim-

ilar to the case of a too high potential, we can see that in case of the larger

swarm size Ψ
(0)
t decreases slightly slower.

While the claimed decrease of Ψ
(0)
t is intuitively clear since it only says

that the swarm indeed optimizes if it is not in a condition that prevents it

from optimizing, the formal proof turns out to yield some peculiarities and

a number of case distinctions is necessary.

Beforewe can verify 5. and 6., we state a rather technical lemma that shows

how a particle swarm with an appropriate potential level can hit its goal. Its
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(a) Particles processing objective func-

tion SPHERE
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(b) Particles processing objective func-

tion SPHERE
+

Figure 4.11: Primary measure of a particle swarm processing the 1-

dimensional objective functions SPHERE and SPHERE
+

with

swarm sizes N = 2 and N = 10.

proof consists of the explicit construction of sets of sequences of steps, that

have a sufficiently high probability and bring the particles into the area that

is substantially better than the current attractors.

Lemma 4.4. Let A = [a, b] be an interval containing 0, i. e., a ≤ 0 ≤ b.

Define

dL :=
1

χ
·
max

{
2·(χ+1)
χ·(c1−1) ,

4·χ+2·c2−2
χ·(c2−1)

}
min{χ, 1/3, (c2 − 1)/6}

.

Assuming that

dL · sup

x∈A(Gnt )
dist(x,A) ≤ |Vnt |+ |Gnt − X

n
t |+ |Lnt − X

n
t | ≤ dH · |A|

for some dH > 0, the probability for particle n to hit A within the next 3

steps is bounded from below by a constant const(dH, c1, c2, χ).

Proof. We divide the proof into three parts, depending on the number of

steps necessary to hit A. First, we cover configurations that allow the swarm

to hitAwithin a single step, even with some less restrictive bounds for |Vnt |+
|Gnt − X

n
t |+ |Lnt − X

n
t |:

Claim 4.1. Given that

• |Vnt |+ |Gnt − X
n
t |+ |Lnt − X

n
t | ≤ 5

3 · ((3 ·max{c1, c2}+ 1) · dH + 1) · |A|,
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4.2 Proof of Linear Convergence Time

• |Vnt |+ |Gnt −X
n
t |+ |Lnt −X

n
t | ≥ max

{
2(χ+1)
χ(c1−1)

, 4χ+2c2−2
χ(c2−1)

}
· sup
x∈A(Gnt )

dist(x,A)

and

• Xnt ≤ 0 and−(Lnt −X
n
t )−

c2−1
2 ·(G

n
t −X

n
t ) ≤ χ ·Vnt ≤ (a−Xnt )+ |A|/2 or

Xnt ≥ 0 and−(Lnt −X
n
t )−

c2−1
2 · (G

n
t −X

n
t ) ≥ χ ·Vnt ≥ (b−Xnt )− |A|/2,

the probability for particle n hittingA within the next step is bounded from

below by a constant const(dH, c1, c2, χ).

Proof. Due to symmetry reasons, we can without loss of generality assume

that Xnt ≤ 0 and −(Lnt −X
n
t ) −

c2−1
2 · (G

n
t −X

n
t ) ≤ χ ·Vnt ≤ (a−Xnt ) + |A|/2.

By straight-forward calculation, we can show that for any interval

I ⊂ [Xnt + χ · Vnt , Xnt + χ · Vnt + c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt )],

we have

Pt(X
n
t+1 ∈ I) ≥

|I|2

2 · (c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt ))2
. (4.18)

Therefore, all that remains to do is to find a sufficiently large I. Note that

due to to unimodality of the objective function, the position of a particle can

never be strictly between its local and the global attractor, i. e., for Xnt ≤ 0,
the signs of Lnt −X

n
t andGnt −X

n
t are both non-negative. Therefore, the area

that can actually be reached by particle n within its next step is

R := [Xnt + χ · Vnt , Xnt + χ · Vnt + c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt )],

so we need to bound |R∩A|. First, we consider the case Vnt < 0. In that case,

the highest point reachable by particle n is the interval

Xnt + χ · Vnt + c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt )
= Gnt + χ · Vnt + c1 · (Lnt − Xnt ) + (c2 − 1) · (Gnt − Xnt )
≥ Gnt + χ · Vnt + c1 · (Lnt − Xnt ) + (c2 − 1) · (Gnt − Xnt )

−min

{
χ+ c1
χ+ 1

,
χ+ c2 − 1

χ+ (c2 − 1)/2

}
·

·
(
χ · Vnt + (Lnt − X

n
t ) +

c2 − 1

2
· (Gnt − Xnt )︸ ︷︷ ︸

≥0 by assumption.

)
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4. Convergence of 1-dimensional PSO

≥ Gnt + χ ·min

{
c1 − 1

χ+ 1
,

c2 − 1

2 · χ+ c2 − 1

}
· |Vnt |+ χ ·

c1 − 1

χ+ 1
· (Lnt − Xnt )

+ χ · c2 − 1

2 · χ+ c2 − 1
· (Gnt − Xnt )

≥ Gnt + χ ·min

{
c1 − 1

χ+ 1
,

c2 − 1

2 · χ+ c2 − 1

}
·

· (|Vnt |+ (Lnt − X
n
t ) + (Gnt − X

n
t ))

≥ Gnt + dist(Gnt , A)+

+ χ/2 ·min

{
c1 − 1

χ+ 1
,

c2 − 1

2 · χ+ c2 − 1

}
· ((Lnt − Xnt ) + (Gnt − X

n
t ))

= a+ χ/2 ·min

{
c1 − 1

χ+ 1
,

c2 − 1

2 · χ+ c2 − 1

}
· ((Lnt − Xnt ) + (Gnt − X

n
t )).

This results in

A∗ :=

[
a, a+ χ/2·min

{
c1 − 1

χ+ 1
,

c2 − 1

2 · χ+ c2 − 1

}
·((Lnt − Xnt ) + (Gnt − X

n
t ))

]
∩ [a, b].

Note that A∗ ⊂ R ∩A. Since

|A∗| = min

{
|A|, χ/2 ·min

{
c1 − 1

χ+ 1
,

c2 − 1

2 · χ+ c2 − 1

}
· (Lnt +Gnt − 2Xnt )

}
,

(4.18) implies that particle n hits A with probability at least

Pt(X
n
t+1 ∈ A∗) ≥

|A∗|2

2 · (c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt ))2

≥ min

{
|A|2

2 · (c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt ))2
,

(χ/2 ·min{ c1−1χ+1 ,
c2−1

2·χ+c2−1 } · ((L
n
t − X

n
t ) + (Gnt − X

n
t )))

2

2 · (c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt ))2

}

≥ min

{
1

const(dH, c1, c2, χ)
,
(χ/2 ·min{ c1−1χ+1 ,

c2−1
2·χ+c2−1 })

2

2 · (c1 + c2)2

}
.
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4.2 Proof of Linear Convergence Time

That finishes the case Vnt < 0. Next, we examine the case Vnt ≥ 0. We have

|R ∩A| = |[max{a, Xnt + χ · Vnt },
min{Xnt + χ · Vnt + c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt ), b}]|

≥ min{|A|, |A|/2, Xnt + χ · Vnt + c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt ) − a,
c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt )}.

Since

Xnt + χ · Vnt + c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt )
= Gnt + χ · Vnt + c1 · (Lnt − Xnt ) + (c2 − 1) · (Gnt − Xnt )
≥ Gnt +min{χ, c1, (c2 − 1)} · (Vnt + (Lnt − X

n
t ) + (Gnt − X

n
t ))

≥ Gnt +min{χ, c1, (c2 − 1)} · (1/2 ·max

{
2 · (χ+ 1)
χ · (c1 − 1)

,
4 · χ+ 2 · c2 − 2
χ · (c2 − 1)

}
· dist(Gnt , A) + 1/2 · (Vnt + (Lnt − X

n
t ) + (Gnt − X

n
t )))

≥ Gnt +min{χ, c1, (c2 − 1)} · (1/2 ·max {2/χ, 2/c1, 2/(c2 − 1)}

· dist(Gnt , A) + 1/2 · ((Lnt − Xnt ) + (Gnt − X
n
t )))

≥ a+min{χ, c1, c2 − 1} · 1/2 · ((Lnt − Xnt ) + (Gnt − X
n
t )),

it follows that

|R ∩A| ≥ min{|A|, |A|/2,min{χ, c1, c2 − 1}/2·((Lnt − Xnt ) + (Gnt − X
n
t )),

c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt )}

and therefore, again using (4.18) and ignoring the first and the last term in-

side the minimum since the second, respectively the third, is clearly smaller,

we obtain

Pt(X
n
t+1 ∈ A) ≥

(min{|A|/2,min{χ, c1, (c2 − 1)} · 1/2 · · · ·
2 · (c1 · (Lnt − Xnt ) + · · ·

· · · · ((Lnt − Xnt ) + (Gnt − X
n
t ))})

2

· · ·+ c2 · (Gnt − Xnt ))2

= min

{
(|A|/2)2

2 · (c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt ))2
,

(min{χ, c1, (c2 − 1)} · 1/2 · ((Lnt − Xnt ) + (Gnt − X
n
t )))

2

2 · (c1 · (Lnt − Xnt ) + c2 · (Gnt − Xnt ))2

}
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4. Convergence of 1-dimensional PSO

≥ min

{
1/4

( 103 · ((3 ·max{c1, c2}+ 1) · dH + 1) ·max{c1, c2})2
,

(min{χ, c1, (c2 − 1)})
2

4 · (c1 + c2)2

}
=: const(dH, c1, c2, χ).

This finishes the proof of the claim.

Next, we consider the case of a velocity with large absolute value and point-

ing away fromA. As it will turn out, with a constant probability the distances

to the attractors will within one step increase sufficiently to yield a configu-

ration satisfying the requirements of Claim 4.1.

Claim 4.2. Given that

• |Vnt |+ |Gnt − X
n
t |+ |Lnt − X

n
t | ≤ (3 ·max{c1, c2}+ 1) · dH · |A|,

• |Vnt |+ |Gnt − X
n
t |+ |Lnt − X

n
t | ≥

max

{
2·(χ+1)
χ·(c1−1) ,

4·χ+2·c2−2
χ·(c2−1)

}
min{χ, 1/3, (c2 − 1)/6}

·

· supx∈A(Gnt ) dist(x,A) and

• Xnt ≤ 0 and −(Lnt − Xnt ) −
c2−1
2 · (G

n
t − Xnt ) ≥ χ · Vnt or Xnt ≥ 0 and

−(Lnt − X
n
t ) −

c2−1
2 · (G

n
t − X

n
t ) ≤ χ · Vnt ,

the probability for particle n hitting A within the next 2 steps is bounded

from below by a constant const(dH, c1, c2, χ).

Proof. Due to symmetry reasons, we can without loss of generality assume

that Xnt ≤ 0 and −(Lnt − Xnt ) −
c2−1
2 · (G

n
t − Xnt ) ≥ χ · Vnt . With probability

(c2−1)/(18 ·c1 ·c2), the random values rnt+1 and s
n
t+1 satisfy r

n
t+1 ≤ 1/(3 ·c1)

and snt+1 ≤ (c2 − 1)/(6 · c2). Every such choice leads to

|Vnt+1| ≥ χ · |Vnt |− |c1 · rnt+1 · (Lnt − Xnt ) + c2 · snt+1 · (Gnt − Xnt )|
≥ χ · |Vnt |+ (Lnt − X

n
t )/3+ (c2 − 1)/6 · (Gnt − Xnt )

≥ min{χ, 1/3, (c2 − 1)/6} · (|Vnt |+ (Lnt − X
n
t ) + (Gnt − X

n
t ))

≥ max

{
2 · (χ+ 1)
χ · (c1 − 1)

,
4 · χ+ 2 · c2 − 2
χ · (c2 − 1)

}
· sup

x∈A(Gnt )
dist(x,A),
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4.2 Proof of Linear Convergence Time

i. e., a configuration that satisfies the second condition of Claim 4.1. Addi-

tionally, since 0 ∈ A and Xnt < 0 implies Lnt+1 ≥ Xnt , for every such choice of

rnt+1 and s
n
t+1, it follows that Xnt ≤ 0, Vnt ≤ 0 and

−(Lnt+1 − X
n
t+1) −

c2 − 1

2
· (Gnt+1 − Xnt+1) ≤ −(Lnt+1 − X

n
t+1)

≤ −(Xnt − X
n
t+1) = V

n
t+1

≤ χ · Vnt+1,

which is sufficient for the third precondition of Claim 4.1. To finish the proof

of the claim, it only remains to verify the first condition. From Lnt+1 = Lnt
and

|Gnt+1 − X
n
t+1| ≤ |Gnt+1 −G

n
t+1|+ |Gnt − X

n
t |+ |Xnt − X

n
t+1|

≤ |A(Gn1 )|+ |Gn1 − X
n
t |+ |Vnt+1|

≤ |A|+ 2 · sup

x∈A(Gnt )
dist(x,A) + |Gnt − X

n
t |+ |Vnt+1|

≤ |A|+ 2 · min{χ, 1/3, (c2 − 1)/6}

max

{
2·(χ+1)
χ·(c1−1) ,

4·χ+2·c2−2
χ·(c2−1)

} · (|Vnt |+ |Gnt − X
n
t |+ |Lnt − X

n
t |)

+|Gnt − X
n
t |+ |Vnt+1|

≤ |A|+
2

3
· |Vnt |+

2

3
· |Gnt − Xnt |+

2

3
· |Lnt − Xnt |+ |Vnt+1|,

it follows that

|Vnt+1|+ |Gnt+1 − X
n
t+1|+ |Lnt+1 − X

n
t+1|

≤ |Vnt+1|+ |A|+
2

3
· |Vnt |+

2

3
· |Gnt − Xnt |+

2

3
· |Lnt − Xnt |

+|Vnt+1|+ |Lnt − X
n
t |+ |Vnt+1|

= |A|+
2

3
· |Vnt |+ 3 · |Vnt+1|+

2

3
· |Gnt − Xnt |+

5

3
· |Lnt − Xnt |

≤ |A|+
2+ 9 · χ
3

· |Vnt |+
2

3
· |Gnt − Xnt |+

5

3
· |Lnt − Xnt |

≤ |A|+
5

3
(|Vnt |+ |Gnt − X

n
t |+ |Lnt − X

n
t |)

≤ 5

3
· ((3 ·max{c1, c2}+ 1) · dH + 1) · |A|

Claim 4.1 finishes the proof.
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4. Convergence of 1-dimensional PSO

All that remains is the case of a velocity pointing towards 0 and (possibly)

too high to hit A directly. In that case, either the particle still hits A or it

jumps overA, resulting in the configuration of either Claim 4.1 or Claim 4.2.

Claim 4.3. Given that

• |Vnt |+ |Gnt − X
n
t |+ |Lnt − X

n
t | ≤ dH · |A|,

• |Vnt |+ |Gnt − X
n
t |+ |Lnt − X

n
t | ≥

max

{
2·(χ+1)
χ·(c1−1) ,

4·χ+2·c2−2
χ·(c2−1)

}
χ ·min{χ, 1/3, (c2 − 1)/6}

· supx∈A(Gnt+1) dist(x,A) and

• Xnt ≤ 0 and χ · Vnt ≤ (a− Xnt ) + |A|/2 or

Xnt ≥ 0 and χ · Vnt ≥ (b− Xnt ) − |A|/2,

the probability for particle n hitting A within the next 3 steps is bounded

from below by a constant const(dH, c1, c2, χ).

Proof. Due to symmetry reasons, we can without loss of generality assume

that Xnt ≤ 0 and χ · Vnt ≥ (a − Xnt ) + |A|/2 ≥ 0, implying Xnt+1 ≥ a. With

probability
c1−1
c1
· c2−1c2

, the random values rnt and snt satisfy rnt ≥ 1/c1 and
snt ≥ 1/c2. Every such choice leads to

|Vnt+1|+ |Gnt+1 − X
n
t+1|+ |Lnt+1 − X

n
t+1| ≥ Vnt+1

≥ χ · Vnt + (Gnt − X
n
t ) + (Lnt − X

n
t )

≥ χ · (Vnt + (Gnt − X
n
t ) + (Lnt − X

n
t ))

≥
max

{
2·(χ+1)
χ·(c1−1) ,

4·χ+2·c2−2
χ·(c2−1)

}
min{χ, 1/3, (c2 − 1)/6}

· sup

x∈A(Gnt )
dist(x,A),

i. e., the second conditions of each, Claim 4.1 and Claim 4.2, are satisfied. As

for the upper bound of the potential after the next step, note that both at-

tractors are not further away from Xnt than their old positions. Consequently,

we have

|Vnt+1|+ |Gnt+1 − X
n
t+1|+ |Lnt+1 − X

n
t+1|

≤ |Vnt+1|+ |Gnt − X
n
t+1|+ |Lnt − X

n
t+1|

≤ 3 · |Vnt+1|+ |Gnt − X
n
t |+ |Lnt − X

n
t |

≤ 3 · χ|Vnt |+ (3 · c2 + 1) · |Gnt − Xnt |+ (3 · c1 + 1) · |Lnt − Xnt |
≤ (3 ·max{c1, c2}+ 1) · (|Vnt |+ |Gnt − X

n
t |+ |Lnt − X

n
t |)

≤ (3 ·max{c1, c2}+ 1) · dH · |A|.
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4.2 Proof of Linear Convergence Time

Altogether, for rnt ≥ 1/c1 and snt ≥ 1/c2, only one of two things can happen.

EitherXt+1 ∈ A, then the proof is finished. OrXnt+1 > b ≥ 0 andVnt+1 > 0. In
that case, depending on the exact value of Vnt+1, the configuration satisfies

the conditions of either Claim 4.1 or Claim 4.2. The results of these two

claims finish the proof.

Since every configuration satisfying the conditions of the Lemma also sat-

isfies the conditions of one of the three claims, the proof of the lemma is

finished.

Now that the technical prerequisites are prepared, it is time to verify 5.

and 6. by applying Lemma 4.4 for a certain interval A and verifying that

the situation of B
H
t0
∩ BLt0 guarantees that the conditions for Lemma 4.4 are

fulfilled.

Lemma 4.5. There are constants t ′R ∈ N such that for every t0 ∈ N, every

tR ≥ t0 + t ′R and every cL, cH > 0, there is a constant δR ∈ (0, 1), depending
only on cL, cH, c1, c2, χ and N, such that

E

[
N∑
n=1

√
|A(LntR)|

∣∣ Ft0 , BH, BL
]
≤ (1− δR) ·

N∑
n=1

√
|A(Lnt0)|. (4.19)

Furthermore, B
H
and B

L
together imply that

|A(G1t0)|/Φ
1
t0+1

≤
√
N · (2 · cL + 1) ·

N∑
n=1

√
|A(Lnt0)|, (4.20)

N∑
n=1

√
|A(Lnt0)| ≥ Ψt0/(CΨ + cH +

√
N · (2 · cL + 1)). (4.21)

Proof. For simplicity, we use the following notation:

ER[ ◦ ] := E

[
◦
∣∣ Ft, BH, BL] ,

analogous PR( ◦ ). Since |A(Lnt )| is non-decreasing in t, all needed to do is to

prove that with constant probability p0, the largest of the |A(Lnt0)| decreases
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4. Convergence of 1-dimensional PSO

by at least a constant factor of 1 − δ0 with δ0 ∈ (0, 1) within t ′R steps. From

there, it follows that

ER

[
N∑
n=1

√
|A(LntR)|

]
≤

N∑
n=1

√
|A(Lnt0)|− p0 · (1−

√
1− δ0) ·max

n

√
|A(Lnt0)|

≤ (1− p0 · (1−
√
1− δ0)/N) ·

N∑
n=1

|A(Lnt0)|.

Since there are many substantially different configurations of the particles

and the attractors, a lot of cases need to be considered. We divide the proof

into two parts.

First, we consider the case when at least some local attractors are much

worse than the global attractor, i. e.,

|A(G1t0)| < 1/(2 ·N) ·
N∑
n=1

|A(Lnt0)|.

Let n0 be in argmax{|A(Lnt0)| | n ≤ N}. It follows that |A(G1t0)| < |A(Ln0t0 )|/2.
The goal is to prove that with a constant probability, particle n0 can halve

its |A(Ln0t )| within a constant number of steps. Let A∗ be the interval of size
|A(Ln0t0 )|/2, such that |A(z)| ≤ |A(Ln0t0 )|/2 for every z ∈ A

∗
, i. e.,A∗ consists of

the better half of |A(Ln0t )|. Since |A(G1t0)| < |A(Ln0t0 )|/2, we haveA(G
1
t0
) ⊂ A∗

and therefore A(Gnt0) ⊂ A
∗
, which leads to supx∈A(Gnt0 )

dist(x,A∗) = 0 and

no lower bound on the potential is needed to apply Lemma 4.4. As an upper

bound, we obtain

|Vnt0 |+ |Gnt0 − X
n
t0
|+ |Lnt0 − X

n
t0
|

≤ |Vnt0 |+ |Gnt0 −G
1
t0
|+ |G1t0 − X

n
t0
|+ |Lnt0 −G

1
t0
|+ |G1t0 − X

n
t0
|

≤ 2 · (|Vnt0 |+ |G1t0 − X
n
t0
|) + 2 · |A(Lnt0)|

≤ 2 · (
√
|Vnt0 |+

√
|G1t0 − X

n
t0
|)2 + 2 · |A(Lnt0)|

≤ 2 · (cH + 1) · |A(Lnt0)| = 4 · (cH + 1) · |A∗|.

With Lemma 4.4, we obtain a lower bound of const(cH, c1, c2, χ) for hitting
A∗ within the following t ′R := 3 steps. That finishes the first case.

In the second case, we consider the situation when

|A(G1t0)| ≥ 1/(2 ·N) ·
N∑
n=1

|A(Lnt0)|.
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In that situation, it will turn out that the particles improve the global attrac-

tor, such that |A(G)| decreases by at least a constant factor. This implies that

also

∑N
n=1

√
|A(Ln)| decreases by a constant factor. While the upper bound

on the potential implies a constant probability for improving the attractors

at all, an additional lower bound on the potential is necessary to ensure that

the improvement is significant. If

∑N
n=1 Y

n
t0
≤
√
N · |A(Gnt0)|, it follows that

|A(G1t0)|∑N
n=1 Y

n
t0

≤ cL ·
N∑
n=1

(Ynt0 +
√

|A(Lnt0)|) ≤ cL · (
√
N+

√
2 ·N) ·

√
|A(G1t0)|

and therefore

N∑
n=1

(Ynt0)
2 ≥ 1

N
·

(
N∑
n=1

Ynt0

)2
≥

|A(G1t0)|

c2L · (1+
√
2)2 ·N2

.

Altogether, it follows that there is at least one particle n with

|Vnt0 |+ |G1t0 − X
n
t0
| ≥ (Ynt0)

2 ≥ 1

N
·
N∑
n=1

(Ynt0)
2 ≥

|A(G1t0)|

max{1, c2L · (1+
√
2)2} ·N2

.

Let n0 be the first particle with

|Vn0t0 |+ |G1t0 − X
n0
t0
|+ |Ln0t0 − Xn0t0 | ≥

|A(G1t0)|

max{N2, c2L · (1+
√
2)2 ·N2, 2(c1 + c2)}

.

Before examining the possible improvements made by particle n0, we need

to check by which amount its potential could be decreased during the steps

of the firstn0−1 particles. Imagine that particlen0 has a local attractor equal

to its current position and a velocity close to 0, so all of its potential comes

from the distance to the global attractor, which can be decreased during the

steps of the other particles. I. e., if Gn0t0 ≈ X
n0
t0
, then the potential of particle

n0 is gone and there is no hope for a significant improvement during its

step. However, if G1t0 and Xn0t0 have the same sign, then G1t0 is already the

closest point to Xn0t0 from the whole interval A(G1t0), so any update of the

global attractor increases the distance. If on the other hand G1t0 and Xn0t0
have different signs, any improvement of the global attractor does indeed

decrease the distance |G1t0−X
n0
t0
| but, since for every particle n < n0 we have

|Vnt0 |+ |G1t0 − X
n
t0
|+ |Lnt0 − X

n
t0
| < |A(G1t0)|/(2 · c1 + 2 · c2),
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4. Convergence of 1-dimensional PSO

decreasing the distance too much is not possible without intermediate up-

dates of the global attractor which reduce |A(G)| considerably. More pre-

cisely: If sign(G1t0) = − sign(Xn0t0 ), then for any particle n < n0, we have

sign(Xnt0) = − sign(Xn0t0 ), i. e., G
1
t0

is between Xnt0 and Xn0t0 , because other-

wise, we would have

|Vnt0 |+ |G1t0 − X
n
t0
|+ |Lnt0 − X

n
t0
| ≥ |G1t0 − X

n
t0
| ≥ |A(G1t0)|,

a contradiction.

Additionally, if

|A(Gn0t0 )| ≥ |A(G1t0)| · (1− 1/(4c1 + 4c2)),

then there is an interval I of length

|A(Gn0t0 )| ≥ |A(G1t0)| · (1− 1/(2c1 + 2c2))

between particle n0 and all previous particles, that is not visited by any par-

ticle n < n0. Now let n be the first particle to jump over I, i. e.,

|Gnt0 −G
1
t0
| ≤ |A(G1t0)|/(2c1 + 2c2)

and

|Gn+1t0
−Gnt0 | ≥ |A(G1t0)| · (1− 1/(2c1 + 2c2)).

For the maximal improvement |Gn+1t0
−Gnt0 | of the global attractor during the

step of particle n, that means

|Gn+1t0
−Gnt0 | ≤ χ · |V

n
t0
|+ c1 · |Lnt0 − X

n
t0
|+ (c2 − 1) · |Gnt0 − X

n
t0
|

≤ χ · |Vnt0 |+ c1 · |L
n
t0
− Xnt0 |+ (c2 − 1) · |G1t0 − X

n
t0
|+ (c2 − 1) · |Gnt0 −G

1
t0
|

≤ (c1 + c2) · (|Vnt0 |+ |G1t0 − X
n
t0
|+ |Lnt0 − X

n
t0
|) + (c2 − 1) · |Gnt0 −G

1
t0
|

≤ (c1 + c2) · |A(G1t0)|/(4c1 + 4c2) + (c2 − 1) · |A(G1t0)|/(2c1 + 2c2)
≤ 3/4 · |A(G1t0)|
< |A(G1t0)| · (1− 1/(2c1 + 2c2)).

That concludes the contradiction. In summary, we have shown that one of

the following cases holds:

• |A(Gn0t0 )| < |A(G1t0)| ·(1−1/(2c1+2c2)) (before particle n0’s step, some

other particle has hit interval I),
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• |Gn0t0 − Xn0t0 | ≥ |A(G1t0)| · (1 − 1/(2c1 + 2c2)) (right before the step of

particle n0, I is still between its position and the global attractor),

• |Gn0t0 − Xn0t0 | ≥ |G1t0 − X
n0
t0
| (if sign(G1t0) = sign(Xn0t0 )).

In the first case, there is nothing left to prove, and in the second and the

third case, we have

|Vn0t0 |+ |Gn0t0 − Xn0t0 |+ |Ln0t0 − Xn0t0 |

≥
|A(G1t0)|

max{N2, c2L · (1+
√
2)2 ·N2, 2 · c1 + 2 · c2}

=
|A(G1t0)|

const

For A(G1t0) =: [a, b], choose

A∗ :=

[
min

{
a+

|A(G1t0)|

const · dL
, 0

}
, max

{
b−

|A(G1t0)|

const · dL
, 0

}]
,

where dL denotes the constant from Lemma 4.4. I. e., A∗ is obtained from

A(G1t0) by leaving out an area of size |A(G1t0)|/(const · dL) at each boundary.

Since that way 0might be excluded fromA∗, 0 and the points in between are

added again. Note that the construction makes sure that after hitting A∗,
the area that can be entered by the global attractor has size at most |A(G1t0)| ·
(1 − 1/(const · dL)) and that the lower bound as demanded by Lemma 4.4

holds.

Since |Gn0t0 −G1t0 | ≤ |A(G1t0)|, the upper bound of

|Vn0t0 |+ |Gn0t0 − Xn0t0 |+ |Ln0t0 − Xn0t0 | ≤ cH · |A(L
n
t0
)|+ |A(G1t0)|

≤ (4 ·N · cH + 1) · |A(G1t0)| ≤
const · (4 ·N · cH + 1)

const− 2
· |A∗|.

holds. Lemma 4.4 guarantees a hitting probability, which is bounded from

below by a constant const(cH, N, c1, c2, χ). That finishes the second case and

therefore the proof of (4.19).
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4. Convergence of 1-dimensional PSO

For the proof of (4.20), we use that

∑N
n=1 Y

n
t0
≥
∑N
n=1

√
|A(Lnt0)| implies

that

|A(G1t0)|

Φ1t0+1
≤
√
N · |A(G1t0)|∑N

n=1 Y
n
t0

≤

√
N ·
(∑N

n=1

√
|A(Lnt0)|

)2
∑N
n=1

√
|A(Lnt0)|

=
√
N ·

N∑
n=1

√
|A(Lnt0)|.

On the other hand, if

∑N
n=1 Y

n
t0
≤
∑N
n=1

√
|A(Lnt0)|, we have

|A(G1t0)|

Φ1t0+1
≤
√
N · |A(G1t0)|∑N

n=1 Y
n
t0

≤
√
N · cL ·

N∑
n=1

(Ynt0 +
√
|A(Lnt0)|)

≤ 2 ·
√
N · cL ·

N∑
n=1

√
|A(Lnt0)|.

That proves (4.20). Finally, we have that

Ψt0 = CΨ ·
N∑
n=1

√
|A(Lnt0)|+

N∑
n=1

(√
|Vnt0 |+

√
|G1t0 − X

n
t |

)
+

|A(G1t0)|

Φ1t0+1

≤ CΨ ·
N∑
n=1

√
|A(Lnt0)|+ cH ·

N∑
n=1

√
|A(Lnt0)|

+
√
N · (2 · cL + 1) ·

N∑
n=1

√
|A(Lnt0)|

≤ (CΨ + cH +
√
N · (2 · cL + 1)) ·

N∑
n=1

√
|A(Lnt0)|.

Statement (4.21) follows immediately.

136
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4.2.3 Putting things together

In this section, we combine the technical results from the previous sections

to verify the drift condition of Theorem 3.7 for the concrete choice of a dis-

tance measure Ψt as stated in Definition 4.5.

Lemma 4.6. There are constants tmax ∈ N and δ ∈ (0, 1), such that for

every t ∈ N, there is an Ft-measurable, N-valued random variable σ(t) with

t < σ(t) < t+ tmax almost surely, such that

1{Ψt>0} · E[Ψσ(t)
∣∣ Ft] ≤ 1{Ψt>0} · Ψt · (1− δ).

Proof. For t ∈ N, we consider three cases. The first case is the one of Lemma

4.2, i. e., when

N∑
n=1

Ynt ≥ cH
N∑
n=1

√
|A(Lnt )|

for some cH ≥ c ′H to be fixed later. In that case, we set σ(t) := t+ t ′H with t ′H
as in Lemma 4.2 and obtain

E[Ψσ(t)
∣∣ Ft] = CΨ · N∑

n=1

√
|A(Ln

t+t ′H
)|+

N∑
n=1

Ynt+t ′H
+

|A(G1
t+t ′H

)|

Φ1
t+t ′H+1

(4.3),(4.11)

≤ CΨ ·
N∑
n=1

√
|A(Lnt )|+ (1− δH) ·

N∑
n=1

Ynt + C
t ′H
L ·

|A(G1t)|

Φ1t+1

= Ψt − δH ·
N∑
n=1

Ynt + (C
t ′H
L − 1) · |A(G

1
t)|

Φ1t+1

(4.4),(4.5)

≤ Ψt −
δH · Ψt

1+ (CΨ + constH)/cH
+ (C

t ′H
L − 1) · constH · Ψt

cH

=

(
1−

cH · δH
cH + CΨ + constH

+ (C
t ′H
L − 1) · constH

cH

)
· Ψt. (4.22)

In the second case, i. e., in the situation of Lemma 4.3, when

|A(G1t)|/
( N∑
n=1

Ynt

)
≥ cL ·

N∑
n=1

(Ynt +
√
|A(Lnt )|),
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4. Convergence of 1-dimensional PSO

we set σ(t) := σL with σL as in Lemma 4.3 and obtain

E[Ψσ(t)
∣∣ Ft] = CΨ · N∑

n=1

√
|A(Ln

σ(t))|

+

N∑
n=1

(√
|Vn
σ(t)|+

√
|G1
σ(t) − X

n
σ(t)|
)
+

|A(G1σ(t))|

Φ1
σ(t)

(4.2),(4.12)

≤ CΨ ·
N∑
n=1

√
|A(Lnt )|+ CH ·

N∑
n=1

(Ynt +
√
|A(Lnt )|)

+ (1− δL) ·
|A(G1t)|

Φ1t+1

= Ψt + (CH − 1) ·
N∑
n=1

(Ynt +
√
|A(Lnt )|) − δL ·

|A(G1t)|

Φ1t+1

(4.13),(4.14)

≤ Ψt + (CH − 1) · constL
cL

· Ψt +
N∑
n=1

√
|A(Lnt )|

−
δL · Ψt

1+ constL · CΨ/cL

≤ Ψt + (CH − 1) · constL
cL

· Ψt +
Ψt

CΨ
−

δL · Ψt
1+ constL · CΨ/cL

=

(
1+ (CH − 1) · constL

cL
+
1

CΨ

−
cL · δL

cL + constL · CΨ

)
· Ψt.

(4.23)

Finally, in the situation of Lemma 4.5, when

N∑
n=1

Ynt < cH

N∑
n=1

√
|A(Lnt )|

and

|A(G1t)|/
( N∑
n=1

Ynt

)
< cL ·

N∑
n=1

(
Ynt +

√
|A(Lnt )|

)
,
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we set σ(t) := t+ t ′R with t ′R as in Lemma 4.5 and obtain

E[Ψσ(t)
∣∣ Ft] = CΨ · N∑

n=1

√
|A(Ln

σ(t))|+

N∑
n=1

(√
|Vn
σ(t)|+

√
|G1
σ(t) − X

n
σ(t)|

)
+

|A(G1σ(t))|

Φ1
σ(t)

(4.2),(4.11),(4.19)

≤ CΨ · (1− δR) ·
N∑
n=1

√
|A(Lnt )|+ CH ·

N∑
n=1

(
Ynt +

√
|A(Lnt )|

)
+ C

t ′R
L ·

|A(G1t)|

Φ1t+1

= Ψt − (CΨ · δR − CH) ·
N∑
n=1

√
|A(Lnt )|+ (CH − 1) ·

N∑
n=1

Ynt

+ (C
t ′R
L − 1) · |A(G

1
t)|

Φ1t+1

≤ Ψt − (CΨ · δR − CH) ·
N∑
n=1

√
|A(Lnt )|

+ (CH − 1) · cH ·
N∑
n=1

√
|A(Lnt )|+ (C

t ′R
L − 1) · |A(G

1
t)|

Φ1t+1

(4.20)

≤ Ψt − (CΨ · δR − CH) ·
N∑
n=1

√
|A(Lnt )|

+ (CH − 1) · cH ·
N∑
n=1

√
|A(Lnt )|

+ (C
t ′R
L − 1) ·

√
N · (2 · cL + 1) ·

N∑
n=1

√
|A(Lnt )|

= Ψt +
(
(CH − 1) · cH + (C

t ′R
L − 1) ·

√
N · (2 · cL + 1)

− (CΨ · δR − CH)
)
·
N∑
n=1

√
|A(Lnt )|.

For any choice of the occurring constants that satisfies

(CH − 1) · cH + (C
t ′R
L − 1) ·

√
N · (2 · cL + 1) ≤ (CΨ · δR − CH),
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it follows by (4.21), that

E[Ψσ(t)
∣∣ Ft] ≤ 1+ · · · (4.24)

· · ·+
(CH − 1) · cH + (C

t ′R
L − 1) ·

√
N · (2 · cL + 1) − (CΨ · δR − CH)

CΨ + cH +
√
N · (2 · cL + 1)

· Ψt

All that is left to do is to fix the constants cH, cL and CΨ in order to ensure

that the factors before the Ψt in (4.22), (4.23) and (4.24) are less than 1.

Therefore, we make the choices

cH := cL := max

{
c ′H, constH, 2 ·

constH · (2+ ĈΨ) · (C
t ′H
L − 1)

δH
,

c ′L, 2 ·
((CH − 1) · constL + 1/ĈΨ) · (1+ constL · ĈΨ)

δL
, 1, CH

}
,

and CΨ := ĈΨ · cH with a constant ĈΨ that we will fix later. For the first case,

(4.22) leads to

E[Ψσ(t)
∣∣ Ft] ≤ (

1−
cH · δH

cH + CΨ + constH
+ (C

t ′H
L − 1) · constH

cH

)
· Ψt

=

(
1−

δH

1+ ĈΨ + constH/cH
+ (C

t ′H
L − 1) · constH

cH

)
· Ψt

≤
(
1−

δH

2+ ĈΨ
+ (C

t ′H
L − 1) · constH

cH

)
· Ψt

≤
(
1−

δH

2+ ĈΨ
+

δH

2 · (2+ ĈΨ)

)
· Ψt

≤
(
1−

δH

2 · (2+ ĈΨ)︸ ︷︷ ︸
=:δ1

)
· Ψt.
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In a similar way, for the second case (4.23) leads to

E[Ψσ(t)
∣∣ Ft] ≤ (1+ (CH − 1) · constL

cL
+
1

CΨ
−

cL · (δL)
cL + constL · CΨ

)
· Ψt

=

(
1+

(CH − 1) · constL + 1/ĈΨ
cL

−
δL

1+ constL · ĈΨ

)
· Ψt

≤
(
1+

δL

2 · (1+ constL · ĈΨ)
−

δL

1+ constL · ĈΨ

)
· Ψt

=

(
1−

δL

2 · (1+ constL · ĈΨ)︸ ︷︷ ︸
=:δ2

)
· Ψt.

Finally, we set

ĈΨ := 2 ·
CH + 3 · (Ct

′
R

L − 1) ·
√
N

δR

and obtain for the third case from (4.24)

E[Ψσ(t)
∣∣ Ft] ≤ Ψt ·(1+ · · ·

· · ·+
(CH − 1) · cH + (C

t ′R
L − 1) ·

√
N · (2 · cL + 1) − (CΨ · δR − CH)

CΨ + cH +
√
N · (2 · cL + 1)

)

= Ψt ·

(
1+ · · ·

· · ·
(CH − 1) · cH + (C

t ′R
L − 1) ·

√
N · (2 · cH + 1) − (ĈΨ · cH · δR − CH)

ĈΨ · cH + cH +
√
N · (2 · cH + 1)

)

≤ Ψt ·

(
1+

(CH − 1) + 3 · (Ct
′
R

L − 1) ·
√
N− ĈΨ · δR + 1

ĈΨ + 1+ 2 ·
√
N

)

= Ψt ·

(
1+

CH + 3 · (Ct
′
H

L − 1) ·
√
N− 2 · (CH + 3 · (Ct

′
R

L − 1) ·
√
N)

ĈΨ + 1+ 3 ·
√
N

)

= Ψt ·

(
1−

CH + 3 · (Ct
′
R

L − 1) ·
√
N

2 · (CH + 3 · (Ct
′
R

L − 1) ·
√
N)/δR + 1+ 3 ·

√
N︸ ︷︷ ︸

=:δ3

)
.
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With δ := min{δ1, δ2, δ3} and tmax := max{t ′H, t
′
L, t
′
R} the proof is finished.

Now, everything is prepared to apply our drift theorem, Theorem 3.7.

Theorem4.2. Let b be the diameter of the search space and assume that the

particles are initialized such that E[
∑N
n=1 Y

n
t ] ≤ CY ·

√
b and E[1/Φ1t+1] ≤ CΦ

for two constants CY , CΦ > 0. This is the case, e. g., when the particles’

positions are initialized independently and uniformly over [−b, b] and if the

velocities have finite expectation. Then there is a constant c, depending only

on the swarm parameters χ, c1, c2 andN, such that the following holds: Let

τ := min{t ≥ 0
∣∣ Ψt ≤ 2−k}. Then we have

E[τ] ≤ const(χ, c1, c2, N, a, CY , CΦ) · (k+ log(b+ 1) + 1).

Proof. We define Zt := 2
k ·Ψt. Then, Lemma 4.6 implies that for every t ∈ N

1{Zt>1} · E[Zσ(t)
∣∣ Ft] ≤ 1{Zt>1} · Zt · (1− δ)

for some δ ∈ (0, 1) and some Ft-measurable σ(t) with t ≤ σ(t) ≤ t+ tmax ∈
N. Note that Zt ≤ 1⇔ Ψt ≤ 2−k. By Theorem 3.7, it follows that

E[τ
∣∣ F0] ≤ tmax · 1{Z0>1} · (log(Z0) + 2)/δ

and therefore

E[τ] = E[E[τ
∣∣ F0]] ≤ E[tmax·1{Z0>1}·(ln(Z0)+2)/δ] ≤ tmax·(k·log(E[Ψ0])+2)/δ.

As for the expectation of Ψ right after the initialization, we have

E[Ψ0] = E

[
CΨ ·

N∑
n=1

√
|A(Lnt )|+

N∑
n=1

Ynt +
|A(G1t)|

Φ1t+1

]
≤ CΨ ·N ·

√
b+ CY ·

√
b+ CΦ · b

≤ (CΨ ·N+ CY + CΦ) ·max{b,
√
b}

and therefore

E[τ] ≤ tmax · (ln(2) · k+ log(CΨ ·N+ CY + CΦ) + log(max{b,
√
b}) + 2)/δ

≤ tmax/δ ·max{1, log(CΨ ·N+ CY + CΦ) + 2}︸ ︷︷ ︸
=:c

·(k+ log(b+ 1) + 1)

That finishes the proof.
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In order to provide some experimental insight as well, we calculated the

complete measure Ψ with CΨ := 1 for swarms processing the objective func-

tions SPHERE and SPHERE
+
in the following experiment.

Experiment 4.5. As before, the swarm sizes N = 2 and N = 10 are tested

and the particles are initialized over [−100, 100] for processing SPHERE and

[0, 100] for optimizing SPHERE
+
. The results can be seen in Figure 4.12.
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(b)Optimizing SPHERE
+
.

Figure 4.12: Course of optimality measure Ψ while processing objective

function SPHERE and SPHERE
+

for swarm sizes N = 2 and

N = 10.

Actually, increasing the swarm size does in the 1-dimensional situation

not increase the speed by which Ψ decreases. The reason for this might be

that the run time consists mostly of the phases when the potential needs to

be decreased, which has to be done by every particle independently of the

others and can therefore not be accelerated by increasing the swarm size.

Therefore, the experiments indicate that the smallestN, for which the swarm

converges towards the optimum at all, might be already the optimal choice

for the swarm size.
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In the previous chapter, we have demonstrated the power of the bad-events-

technique to analyze the classical particle swarm optimization (PSO) in case

of 1-dimensional objective functions. We studied two bad events, namely the

event of a potential too high and the event of a potential too low to allow a

sufficiently large expected improvement of the global attractor within near

future. We have been shown that without any modification, PSO can heal

itself from encountering any of the two bad events. This implies that the

swarm can find local optima and furthermore, if the objective function is

unimodal, we were able to prove a runtime bound.

As it will turn out soon, we cannot achieve the same results in the more

general D-dimensional case. Here, certain bad events exist from which the

swarm might not be able to heal itself. But still, studying the bad events is

fruitful because the investigations uncover the possible weaknesses of the

swarm and allow for a distinction between ordinary bad events, from which

the particle swarm recovers on its own, and “fatal events” that might indeed

prevent the swarm from finding a local optimum and therefore make inter-

vention necessary.

In the first part of this chapter, we expose the bad events of the D-di-

mensional case and empirically examine them for if they are fatal or not.

Although the complicated interdependencies between different dimensions

prevent a formal run time analysis, we suggest appropriate informal sec-

ondary measures based on the potential and present experimental investi-

gations of these measures during the respective bad events. Afterwards, we

apply a modification to the PSO algorithm, enabling it to heal itself from the

former fatal events. We prove that the resulting method almost surely finds

local optima, similar to the 1-dimensional situation.

Finally, we present experiments using standard double precision numbers

to demonstrate that the examined phenomena are not just artifacts of the

implementation with arbitrary precision numbers, but that they show up

and effect the quality of the solution found even in standard situations.
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5.1 Determining Further Bad Events

There are three essentially different bad events, i. e., three different condi-

tions on the configuration of the swarm, preventing major improvements of

the attractors. These three bad events lead to a very different behavior of the

particle swarm and will be examined in detail during this section.

The first bad event occurs when in at least one dimension d0, the swarm

has a too high potential, such that the probability for updating the attrac-

tor at all is small. I.e., this happens when in dimension d0 the potential is

orders of magnitude larger than the area that would improve the attractors,

while the potential in other dimensions, whose corresponding entries of the

global attractor could be improved, is much smaller than in dimension d0.

Therefore, the overall value of the objective function depends almost only

on the entries in dimensions like d0 with too high potential and it is unlikely

that the swarm updates the global attractor. If this bad event occurs, which

can be seen as the D-dimensional generalization of the bad event BHt from

the previous chapter, the swarm needs to decrease its potential in dimension

d0 to heal itself.

Second and similar to the event BLt from the previous chapter, configura-

tions could occur in which the whole swarm has in every dimension a poten-

tial much smaller than the distance to the next local optimum. In that case,

the desired behavior of the swarm is to accelerate and to charge potential.

Finally, there is a bad event which can only occur if D ≥ 2, namely the

case of very imbalanced potentials. If the potential is very imbalanced, i. e.,

if there is a dimension d0 with a potential much smaller than in the other

dimensions, then the d0’th entry of a position has almost no influence on

the decision whether an attractor gets updated after the next step or not.

If additionally the d0’th entry of the global attractor differs much from the

corresponding entry of the next local optimum, the swarm is unlikely to de-

crease that distance and might behave like in the D − 1-dimensional situa-

tion, optimizing all dimensions except for d0. In order to recover from this

imbalanced state, the swarmmust “turn around the corner”, i. e., the quotient

Φd0t /
∑D
d=1Φ

d
t must increase.

As it turns out, the swarm can heal itself from the first two bad events

easily, while the third bad eventmight become fatal evenwhen PSOprocesses

the very simple function SPHERE. Therefore, we study the third event in

detail to find a modification that allows the swarm to recover from it.
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Throughout this section, we assume that the objective function has the

form f(x) = xt · A · x with a positive-definite matrix A. While this may

sound very restrictive, every analytic function g can near a simple local op-

timum, i. e., a local optimum where all second derivatives are non-zero, be

approximated by such a function f, where A is the Jacobi-matrix of g.

5.1.1 High Potential in at least one Dimension: A Bad Event

If the potential in a certain dimension d is too large, the behavior of the

swarm is very similar to the 1-dimensional case. Let

πd(A) := {xd ∈ R | ∃x1, . . . , xd−1, xd+1, . . . , xD ∈ R : (x1, . . . , xD) ∈ A}

denote the projection of some set A ⊂ RD on the d-axis. Then, a necessary

condition for an improvement of the local attractor of particlen is thatXn,dt ∈
πd(ALnt ). Now, we can formulate the bad event of a too high potential as

BHt :=

{
∃d ∈ {1, . . . , D} :

N∑
n=1

Yn,dt ≥ cH ·
N∑
n=1

√
|πd(ALnt )|

}
with

Yn,dt =
√

|Vn,dt |+
√
|G1,dt − Xn,dt |

as an alternative measure for the potential, similar to the 1-dimension case

(Definition 3.9). A graphical representation of this bad event BHt is given in

Figure 5.1.

Similar to the 1-dimensional case, the Yn,dt can serve as a secondary mea-

sure for this event, in terms:

ΨHt :=

D∑
d=1

N∑
n=1

Yn,dt .

In order to examine how the particle swarm performs when confronted

with such a configuration, Experiment 4.2 from the previous chapter is re-

peated with more than 1 dimension. Since in [LW11] the function SPHERE
+

is only defined as a 1-dimensional function, we define its D-dimensional

generalization as

SPHERE
+((x1, . . . , xD)) :=

{
SPHERE((x1, . . . , xD)), if mind=1,...,D xd ≥ 0,∞, otherwise,
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Figure 5.1: Dimension 1 has a too high potential and voids possible improve-

ments in dimension 2.

i. e., SPHERE
+(x) is identical to SPHERE(x) if all the coordinate entries of x

are non-negative. Otherwise, SPHERE
+(x) is infinite. Figure 5.2 shows the

comparison of the functions SPHERE and SPHERE
+
. Similar as before, SPHERE

represents the type of function which is perfectly symmetric, i. e., the area

A(x) of points as least as good as some fixed point x is always a ball around

the optimum, while SPHERE
+
is as asymmetric as possible with the optimum

in a corner of A(x).

Experiment 5.1. For the experiment, we set the search space dimension to

10 and use swarm sizes N = 2 and N = 10 for each of the two functions.

We initialize the particles’ positions in [−10−100, 10−100] in order to guar-

antee that the attractors are close to the optimum. In combination with
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(a) Function SPHERE.
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(b) Function SPHERE
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.

Figure 5.2: The symmetric function SPHERE and the asymmetric function

SPHERE
+
.

the different objective functions and swarm sizes, we initialize the velocities

uniformly over [−100, 100]× [−10−100, 10−100]D−1
and over [−100, 100]D/2 ×

[−10−100, 10−100]D/2, i. e., we observe the case of one dimension with a too

high potential and the case of one half of the dimensions with a too high

potential.

Figure 5.3 shows results about

∑N
n=1 Y

n,d
t for the first 2000 iterations, ob-

tained from optimizing objective function SPHERE. Since the curves regard-

ing SPHERE
+
look exactly the same, they are omitted here. Additionally, the

circled gray curve shows the values of the potential from the 1-dimensional

experiment with a swarm initialized with a too high potential as presented

in Figure 4.9, Section 4.2.2, with the respective number of particles. We can

see that every dimension with a too high potential (dimension 1 in Figure

5.3a and dimensions 1, . . . , 5 in Figure 5.3b) behaves exactly like in the 1-

dimensional case and decreases its potential exponentially.

In the other dimensions, in which the potential was not initialized too

high, first the potentials decrease as well, but at a certain point, the poten-

tials stagnate andmaintain a certain level. The reason for this is that without

updates of the attractors, the local and the global attractor do not decrease

their difference and this difference leads to a stochastic lower bound on the

potential. However, the dimensions, in which the potential do not decrease

anymore are the ones that contribute only insignificantly to ΨHt . Therefore,

the experiments indicate that the secondarymeasureΨHt decreases exponen-

tially and the swarm heals itself from this bad event. The speed at which the

potential decreases is independent of the objective function and the number
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of dimensions and depends only a little on the swarm size. That is because

during this bad event, the updates of the local and global attractors are rare

and every dimension behaves like an independent copy of the 1-dimensional

process in the same situation.
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(a) Potential of N = 2 particles processing SPHERE after being initialized with a too high

potential in dimension 1.
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(b) Potential of N = 10 particles processing SPHERE after being initialized with a too high

potential in dimensions 1, . . . , 5.

Figure 5.3: Particle swarm suffering from too high potentials while process-

ing 10-dimensional objective function SPHERE with N = 2 or

N = 10 particles, initialized with 1 or D/2 dimensions with too

high potential. For comparison, the curve of a 1-dimensional

PSO with a too high potential is added.

Indeed, the self-healing capacity of the particle swarm from the bad event

BHt can be proved, with a proof that is similar to the proof of Lemma 4.2 for

1-dimensional case.
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Lemma 5.1. There are constants t ′H ∈ N, c ′H > 0, CH > 0, δH ∈ (0, 1) and
constH, depending only on c1, c2, χ andN, such that for every t0 ∈ N, every

tH ≥ t0 + t ′H and every cH > c
′
H, we have

E

[
N∑
n=1

Yn,dtH

∣∣ Ft0
]
≤ CH ·

(
N∑
n=1

Yn,dt0 +

N∑
n=1

√
|A(Lnt0)|

)
, (5.1)

E

[
N∑
n=1

Yn,dtH

∣∣ Ft0 , BHt0
]
≤ (1− δH) ·

N∑
n=1

Yn,dt0 , (5.2)

(5.3)

Proof. The proof is exactly the same as the proof of (4.2) and (4.3) of Lemma

4.2 in the previous chapter. Here, πd(ALnt ) plays the role of ALnt in the 1-

dimensional case. Note that the proof of Lemma 4.2 only makes use of the

fact that the local attractor is not updated outside of ALnt , which is also true

for its d’th coordinate outside of πd(ALnt ) in theD-dimensional case. Lemma

4.2 did not use the fact that inside of ALnt , the attractor actually is updated,

which was the case in the 1-dimensional situation but is not necessarily true

in the D-dimensional case because if Xn,dt ∈ πd(ALnt ), then it still depends

on the other entries of Xnt , whether or not the attractor is updated.

In particular, the conditions on the swarm parameters for which the par-

ticle swarm can heal itself from the bad event BHt are the same as in the

1-dimensional case, i. e., the same as specified in Theorem 3.11.

5.1.2 Low Potential in every Dimension: A Bad Event

Another bad event occurs when the potential of the swarm is too small in

every single dimension, such that only search points very close to the global

attractor are visited and therefore every possible improvement is insignif-

icant. In order to recover from such a configuration, the swarm needs to

accelerate and to charge potential until its updates become again significant.

This event could be formulated as

BLt :=

{
∀d ∈ {1, . . . , D} : Φdt �

√
|G1,dt |

}
.

Figure 5.4 provides a graphical representation of the bad event BHt .
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Figure 5.4: All dimensions have a potential too small tomake significant im-

provements of the global attractor

A possible secondary measure for this event could be

∑D
d=1 |G

1,d
t |∑D

d=1Φ
d
t

.

To study the behavior of the swarm in such a situation, we use the objective

function INCLINEDPLANE, defined as

INCLINEDPLANE(~x) = −

D∑
d=1

xd.

152



5.1 Determining Further Bad Events

This function is monotonically decreasing in every dimension and therefore

suitable to examine the behavior of a particle swarm in a situation where the

next local optimum is far out of reach.

Experiment 5.2. For this experiment, we setD to 10. Initially, we distribute

the particles and the velocities randomly over [−100; 100]D. We set the total

number of iterations to 2000. The tests are performed for the swarm sizes

N = 2 and N = 10 and after each iteration t, we calculate the potential Φt
for each dimension. After every run, we sort the dimensions according to the

value of Φ2000, i. e., we switch the indices of the dimensions, such that after

the last iteration dimension 1 always has the highest potential, dimension

2 the second highest and so on. The results are stated in Figure 5.5. Addi-

tionally, for comparison we added the curve obtained from Experiment 4.3

with a 1-dimensional swarm with the same number of particles processing

the objective function f(x) = −x.
We can see that the dimension with the largest potential has a potential

value far higher than the others, while the other dimensions do not show

such a significant difference between each other. That means that the swarm

tends to pick one dimension and favor it over all the others. As a conse-

quence, the movement of the swarm becomes more and more parallel to

one of the axes. For comparison, the line describing the potential increase

in a 1-dimensional situation is added to Figure 5.5. Note that the dimension

with the highest potential increases its potential as fast as if it was the only

dimension of the swarm.

An explanation for this behavior is the following: Let d0 be the dimension

with the largest potential. Further assume that the advance of d0 is large

enough, such that for some number of steps the particle with the largest

value in dimension d0 is the one that determines the global attractor. Since

this only requires d0 to have a potential of a constant factor higher than every

other dimension, this will due to the involved randomness eventually happen

after sufficientlymany iterations. From thatmoment on, the swarmbecomes

running in dimension d0.

Figure 5.6 illustrates the mechanism that makes the swarm maintain its

own running behavior. Every update of the global attractor increases the po-

tential in d0 considerably, because it increases the distance of every single

particle to the global attractor except for the one particle that updated it. In

any other dimension d 6= d0, the situation is different. Here, the decision

which particle updates the global attractor is stochastically independent of

the value Xn,dt in dimension d. In other words: If we look only at the dimen-
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(b) Swarm size N = 10

Figure 5.5: Growth of potential when processing objective function IN-

CLINEDPLANE with swarm size

(a) N = 2,
(b) N = 10.

sion d, the global attractor is chosen uniformly at random from the set of all

particles’ positions. As a consequence, after some iterations, the d0’th coor-

dinate of the velocity becomes positive for every particle, so the attraction

towards the global attractor always goes into the same direction as the veloc-

ity, while in the remaining dimensions, the velocities may as well point away

from the global attractor, meaning that the particles will be slowed down by

the force of attraction.

So, roughly speaking, most of the time the global attractor is somewhere

in the middle of the different Xn,dt values for the different particles, giving

less potential increase than in dimension d0 where it has a border position.

That means that the balanced situation is not stable in a sense that after

the imbalance of the potentials in the different dimensions has reached a

certain critical value, it will grow unboundedly. From that point on, the de-

cision about attractor updates depends almost only on dimension d0, there-

fore from the perspective of this dimension, the swarm behaves like in the

1-dimensional case.

These considerations indicate that indeed the swarm heals itself from the

bad event BLt by choosing one dimension d0 and becoming running in di-

rection d0 until the objective function is no longer decreasing in that direc-

tion. In particular, since it is always exactly one dimension which is chosen,

the conditions to the swarm parameters, that allow the swarm to actually
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Figure 5.6: Particles running in direction d0. In dimension d0, the differ-

ences between the coordinate of the particle and the global at-

tractor is on average higher than in dimension d1. The velocities

of dimension d0 point in the direction of the global attractor.

increase its potential while running, are again exactly the same as in the 1-

dimensional case.

Unfortunately, a new problem arises. When the swarm stops running, the

potential in dimension d0 is of the same order as the distance between the

swarm and the d0’th coordinate of the optimum, while every other dimen-

sion has a potential much smaller than d0. Therefore, the swarm continues

improving the global attractor in dimension d0 while ignoring its other com-

ponents. However, as soon as the room for improvements in dimension d0 is

sufficiently much smaller than in some other dimension, possible improve-

ments of the other dimensions are dominated by the “random noise” of di-

mension d0, i. e., if an attractor is updated or not depends still much more

on the respective entries in dimension d0 than on possible improvements of

other dimensions. Therefore, the swarm is again not in a situation to make

significant progress. This leads to the third bad event, namely the event of

imbalanced potentials.
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5.1.3 Imbalanced Potentials: A Fatal Event

If such a running phase as just described ends, the potentials tend to be

very far out of balance, i. e., there is one dimension d0, the one in which the

swarm was running, with a potential much larger than the others. Addition-

ally, since the running phase stopped, there is not much improvement left in

dimension d0, while the other dimensions still need to be optimized. In gen-

eral, we can describe the bad event of imbalanced potentials as follows. Let

d0 be the dimension with the largest potential and d1 the dimension with

the largest distance between the global attractor and the optimum. Then,

the bad event of the imbalanced potentials occurs if the potential in dimen-

sion d0 is orders of magnitude larger than the potential in dimension d1
while the distance of the global attractor to the optimum is in dimension d0
much smaller than in dimension d1. Additionally, in order to distinct from

the event BHt of generally too high potential, the potential in dimension d0
is of the same order as the distance to the optimum in the same dimension.

In terms (for the case of an optimum at 0):

d0 = argmax

{d=1,...,D}

Φdt , d1 = argmax

{d=1,...,D}

|Gdt |,

BIt = {|Gd1,1t |� |Gd0,1t | ≈ Phid0t � Phid1t }.

A visualization of this bad event BIt is presented in Figure 5.7.

The first idea is that in such a case, the attractor updates become rare

and the swarm behaves similarly to the case of BHt , i. e., the swarm reduces

its potential and converges. However, as we point out in the following, the

experiments indicate that at least in the 2-dimensional situation this is not

the case.

Imbalanced Potentials in 2 Dimensions

In order to examine the behavior of a particle swarm, while it is encounter-

ing the bad event of imbalanced potentials, we initialize the particles in an

imbalanced way and test experimentally, if the swarm can recover from this

imbalanced state.

Experiment 5.3. We initialize the positions of the particles uniformly at

random over [−100, 100]× [−1050−10−100,−1050+10−100] and the velocities
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Figure 5.7: Imbalanced Potentials: The swarm is in dimension d1 much far-

ther away from the optimum than in dimension d0, while the

potential of dimension d0 is much larger than the potential of

dimension d1.

over [−100, 100] × [−10−100, 10−100], such that the second dimension has a

much larger distance to the optimum, but a much lower potential than di-

mension 1. In particular, the potential in dimension 1 is sufficient to reach

the optimum, while the potential in dimension 2 is not. We choose two ob-

jective functions, namely SPHERE (Figure 5.2a) and SCHWEFEL ([SHL
+
05],

Figure 5.8), defined as

SCHWEFEL(~x) =
D∑
d=1

( d∑
d ′=1

xd ′

)2
.
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We test PSO with swarm sizes N = 2 and N = 10.
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Figure 5.8:Objective function SCHWEFEL.

The results regarding objective function SPHERE can be seen in Figure 5.9.

Figure 5.9a shows the curve of the potentials in both dimensions for swarm

size N = 2, while Figure 5.9b shows the courses of the absolute value of the

according entry of the global attractors.

We see that during the first ≈ 900 iterations, only the first entry of the

global attractor is improved, while the second entry stays about constant.

Meanwhile, the potentials of both dimensions decrease. For comparison, a

part of the line obtained in Experiment 4.2, where a 1-dimensional swarm

was initialized with a too high potential, is added (“stagnating dimension”

in Figure 5.9a). Note that here two different measures of potential are com-

pared, but as stated before, they differ by at most a constant factor and are in

the current situation both exponentially decreasing, therefore the compar-

ison is still meaningful. We see that dimension 1 decreases with the same

speed as the potential in Experiment 4.2, while dimension 2 decreases sig-

nificantly slower.
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(a) Potential curve of N = 2 particles ini-
tialized with imbalanced potentials.
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(c) Potential curve ofN = 10 particles ini-
tialized with imbalanced potentials.
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Figure 5.9: Particle swarm recovering from imbalanced potentials while pro-

cessing 2-dimensional objective function SPHERE with N = 2 or
N = 10 particles, initialized with a too low potential and a very

high distance to the optimum in dimension 2.

The reason for this is the following: If after one step of a particle, the

new position becomes the new local or even global attractor, depends almost

only on the first dimension’s entry of the respective positions. Therefore, the

first dimension behaves similar to a 1-dimensional PSO and decreases its

potential with the same speed as in the 1-dimensional case. However, since

the process of optimizing dimension 1 yields a certain update frequency for

the attractors, the situation is not the same for dimension 2. In dimension 1,

the distance between the old and the new global attractor at each update is

limited, i. e., the global attractor can only be updated to points that are close

(in relation to Φd0t ) to its previous position and therefore tend to be in the
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middle of the swarm. On the other hand, since the positions of the particles

in dimension 2 have almost no influence on the update probability for the

attractors, the difference between the previous and the new position of the

global attractor after each update are of order (Φ2t)
2
. Figure 5.10 illustrates

this self-healing effect.

particle

global attractor

velocity

Figure 5.10: Particles optimizing dimension d0 while stagnating in dimen-

sion d1. Updates of attractors depend mostly on the d0’th entry

of the updated position and an attractor update is performed if

this entry is comparatively close to the respective entry of the

global attractor. Therefore, changes in dimension d1 have only

little effect on the updates, but from the perspective of dimen-

sion d1 the attractor updates comewith a certain frequency and

are independent of the positions. If, e. g., the marked particle

moves and updates the global attractor, the distance between

the old and the updated global attractor has muchmore impact

on dimension d1 than on dimension d0.

In summary, we can see PSO in both dimensions as two processes with

different behavior. In dimension 1, a 1-dimensional PSO is run while in di-
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5.1 Determining Further Bad Events

mension 2, a PSO-like process is run where the decision if after a step an

attractor is updated comes from “outside”, namely from dimension 1, which

causes attractor updates at a certain frequency. Therefore, if the global at-

tractor is updated, then |Gn+1,1t − Xn,1t+1| is much smaller than the (squared)

potential of dimension 1, while |Gn+1,2t −Xn,2t+1| is of order (Ψ
n,d
t )2. So, the pro-

cess describing dimension 2 benefits more from updates than the process of

dimension 1. Therefore, the “amount of imbalance” decreases.

Note the similarity of this effect and the situation when the swarm is run-

ning. If the swarm is running in a certain dimension d0, then in this di-

mension the attractor is always at the border of the area populated by the

particles, while in every other dimensions it is randomly distributed. Since

a global attractor at the border maximizes the sum of the distances between

the particles and the global attractor, dimension d0 is able to increase its

potential faster. If on the other hand dimension d0 is converging, then the

global attractor is in dimension d0 in the middle of the swarm and therefore

minimizing the distances between the particles and the global attractors,

while in every other dimension it is again randomly distributed. Therefore,

the potential of dimension d0 shrinks faster than the potential of the other

dimensions.

Although this effect is apparently not strong enough to cause an increase

of the potential in dimension 2, at least it slows down the decrease ofΦ2t and

therefore causes an increase of Φ2t/Φ
1
t . Therefore, after some iterations, the

conditionΦ1t � Φ2t is violated and the swarm has healed itself from the bad

event BIt.

Finally, at iteration ≈ 900, the swarm has fully recovered from the imbal-

anced potentials. Note that this self-healing does not necessarily require the

potential in dimension 2 to overcome the potential of dimension 1. Since

the gradient of the function is different in different regions, the remaining

distance still allows for dimension 2 to have significant impact on the up-

dates of the attractors. In this situation, dimension 1 has a potential too low

in comparison with the distance to the optimum. Dimension 2 is generally

insignificant because it does not contribute much to the decision about at-

tractor updates. Next, the swarm becomes running in dimension 2, i. e., the

potential of dimension 2 increases faster than the potential in dimension 1.

For comparison, shifted (but not scaled) versions of the curves fromExper-

iment 5.2 are added to Figure 5.9a, where the swarmwas run on the objective

function INCLINEDPLANE in order to simulate the case of a too low potential

in every dimension. In Experiment 5.2, one particular dimension, which was

afterwards renamed as “dimension 1”, was randomly chosen by the process,
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in which the potential increased much faster than in the others, while the

potentials of the remaining dimensions increased about equally. The curve

“running dimension” refers to this special dimension 1 of Experiment 5.2

and the curve “next to running dimension” to dimension 10 of Experiment

5.2. We can see that indeed the increases of the different potentials for both

situations behave quite similar.

Note that during this running phase, since the potential in dimension 1

increases and the attractor updates depend almost only on dimension 2, the

first coordinate of the global attractor gets worse while its second coordinate

improves, such that there is an overall improvement of its objective function

value. In Figure 5.9b, we can see |G1,1t | increasing. For an explanation why

the improvement of |G1,2t | is at the beginning not visible, one has to recall

that the axes are logarithmically scaled. The values |G1,1t | and |G1,2t | are a

factor of ≈ 1080 away from each other, while in the objective function, their

squares are summed. Therefore decreasing |G1,2t | by, e. g., a factor of 0.999,

which would not be visible in the figure, improves the global attractor, even if

it comes with an |G1,1t | increased by, e. g., a factor of 1040, which would indeed

be clearly visible.

In Figure 5.9c and Figure 5.9d, we present the respective curves for a swarm

withN = 10 particles. We see that the behavior is essentially the same as in

the case of N = 2 particles. During the first phase, the potential of dimen-

sion 2 decreases slower than with only N = 2 particles, which results in a

shorter time necessary for overcoming the imbalance. As seen before, also

the increase of potential during the running phase happens faster with more

particles, therefore the second phase is again shorter.

The corresponding results regarding objective function SCHWEFEL are pre-

sented in Figure 5.11.

There is a crucial difference between the objective functions SPHERE and

SCHWEFEL. The function SPHERE is separable, which in particular means

that for every constant ~c = (c1, . . . , cD) ∈ RD−1
, we have

argmin

{x∈R}
SPHERE((x, c1, . . . , cD)) = 0.

The same is not true for the function SCHWEFEL. Formally, for a function

f(~x) = ~xt ·A ·~x with a positive definite matrix A ∈ RD×D, a position ~z ∈ RD

and a dimension d ∈ {1, . . . , D}, we define

y∗(~z, d) := argmin

{x∈R}
f((z1, . . . , zd−1, x, zd+1, . . . , zD)) = 0
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(a) Potential curve of N = 2 particles ini-
tialized with imbalanced potentials.
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(c) Potential curve ofN = 10 particles ini-
tialized with imbalanced potentials.
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Figure 5.11: Particle swarm recovering from imbalanced potentials while

processing 2-dimensional objective function SCHWEFEL with

N = 2 or N = 10 particles, initialized with a low potential and

a very high distance to the optimum in dimension 2.

as the optimum of the 1-dimensional function obtained from fixing all ex-

cept the d’th input of f according to z.

When processing objective function SCHWEFEL, the swarm has after ini-

tialization in every dimension d a potential too small to reach y∗(G10, d).
Therefore, it becomes running - naturally in dimension 1 which has a far

larger potential. This can be seen clearly in Figure 5.11a and Figure 5.11c.

As soon as dimension 1 is “optimized”, i. e., when the swarm approaches

y∗(G10, 1), which happens after ≈ 1000 iteration for N = 2 and ≈ 100 it-

erations for N = 10, the bad event of the imbalanced convergence actually
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occurs. Similar to the situation when optimizing the function SPHERE, the

swarm manages to heal itself from this bad event.

We conclude that in the 2-dimensional situation, themethod of determin-

ing bad events might be the tool to obtain some runtime result, i. e., to verify

the linear convergence speed of PSO when optimizing a function of the form

f(x) = xt ·A ·x for some positive-definite matrixA. Although a formal proof

for the self-healing capability of the swarm is not found yet, the experiments

clearly support the following conjecture.

Conjecture 5.1 (Linear Convergence Speed for 2-DimensionalQuadraticOb-

jective Functions). Consider a 2-dimensional objective function f = xt ·
A · x for some positive-definite matrix A ∈ R2×2. Let b be the diameter

of the search space and assume that the particles are initialized such that

E[
∑N
n=1 Y

n,d
t ] ≤ CY ·

√
b and E[1/Φ1t+1] ≤ CΦ for two constants CY , CΦ > 0.

This is the case, e. g., when the particles’ positions are initialized indepen-

dently and uniformly over [−b, b]2 and if the velocities have finite expecta-

tion. Define τ := min{t ≥ 0
∣∣∑N

n=1 |G
1,n
t |+ |G2,nt | ≤ 2−k · b}. Then there is a

constant c, depending on the swarm parameters χ, c1, c2 and N and on the

objective function f, respectively on the matrix A, such that the following

holds:

E[τ] ≤ c · (k+ 1).

Imbalanced Potentials in more than 2 Dimensions

While the particle swarm was actually able to heal itself even from the bad

event of imbalanced potentials in the 2-dimensional situation, this is gener-

ally not possible when the problem dimension gets higher. Instead, the im-

balance gets worse and the particle swarm converges towards a non-optimal

search point. To see this imbalanced convergence phenomenon, it is not nec-

essary to initialize the swarm with imbalanced potentials.

Experiment 5.4. We initialize the particles uniformly at random over the

search space [−100, 100]D, where the dimension D varies between 3 and

10. We test PSO with different swarm sizes between 2 and 10 and apply it

to various objective functions, namely SPHERE, SCHWEFEL, DIAGONAL1 and

DIAGONAL1000, where DIAGONALr, obtained from [Raß14], is defined as

DIAGONALr(~x) =

D∑
d=1

x2d + r ·

(
D∑
d=1

xd

)2
.
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5.1 Determining Further Bad Events

Figure 5.12 shows the 2-dimensional functionDIAGONALr for two different

choices of r. We choose this function, because experiments indicate that

when processing it, it is hard for the particles to overcome the bad event of

imbalanced potentials. Therefore, this function is a good candidate to show

the phenomenon of imbalanced convergence, especially if r is large.
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Figure 5.12:Objective functions DIAGONALr for r = 1 and r = 1000.

Figure 5.13 shows the course of the potential Φt and the quality of the

global attractor, measured in terms of y∗(G1t , d), while processing the 10-

dimensional objective function SPHERE.

Note that here we just present the result of a single run of PSO instead of

the geometric mean of several runs. On the left, we can see a clear separation

of the dimensions. While for 7 “optimizing” dimensions, the swarm shows

the desired behavior of moderately decreasing potentials and improving the

respective entries of the global attractor, there are three other, “stagnating”
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(a) Potential curve of N = 3 particles processing the 10-dimensional function SPHERE.
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(b) Curve of the global attractor getting improved over time.

Figure 5.13: Particle swarm suffering from imbalanced potentials while pro-

cessing 10-dimensional objective function SPHERE with N = 3

particles. Dimensions 2, 4 and 10 stagnate and are not opti-

mized.

dimensions (dimension 2, dimension 4 and dimension 10 in Figure 5.13), for

which the swarm shows a completely different behavior. For this dimensions,

the potential decreases much faster than for the optimizing ones, while the

respective coordinates of the global attractor are not significantly improved.

The result is a swarm that optimizes only a 7-dimensional problem by ignor-

ing the 3 stagnating dimensions.

At the right part of Figure 5.13, an enlarged part of the process is shown, re-

stricted to the optimizing dimensions. We can see the phases, during which

the swarm becomes running into one of the 7 optimizing dimensions, typ-

ically the one with the worst entry of the global attractor since this is the
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dimension with the largest gradient. The lengths of the running phases dif-

fer widely. Sometimes the swarm is running for more than 100 iterations,

sometimes it is only running for very few iterations. Between such running

phases, there are imbalanced phases during which one or more than one di-

mension improve their corresponding entries of the global attractor while

others have a too low potential to contribute much to the decisions on at-

tractor updates.

An explanation for this separation of the dimensions is as follows. During

a running phase, the dimension d0, in which the swarm is running, gains

more potential than the others. Assuming that at some point d0 becomes

the dimension with the highest potential, the imbalance between d0 and

the dimension with the lowest potential increases. After some iterations,

the running phase stops. As described before, from that moment on, the

more influence the d’th components have on decisions about attractor up-

dates, the faster does the potential in this dimension d decrease. Therefore,

this phase tends to rebalance the potentials in the different dimensions until

one dimension d1, which until then had only little influence on the attractor

updates, regains sufficient influence, such that the swarm becomes running

in dimension d1. However, d1 is not necessarily the dimension with the low-

est potential. The influence of a dimension on attractor updates depends on

two factors, namely the potential in this dimension and the absolute value

of the objective function’s derivative in this dimension. While stagnating di-

mensions typically have the larger derivative because the corresponding en-

tries are farther away from the optimal point where the derivative is 0, they

have a much smaller potential. Therefore, if the potential of a dimension

is too small, then the probability that the swarm becomes running in this

dimension is also very small.

Over the time, the swarm becomes running in the different optimizing

dimensions but never in the stagnating dimensions, therefore the running

phases increase the imbalance of the potentials between the optimizing and

the stagnating dimensions sufficiently fast to compensate both, the decreas-

ing derivative in the optimizing dimensions and the short imbalanced phases.

As a result, there is a critical number Dopt of dimensions which are op-

timized, i. e., if Dopt dimensions alternate in becoming running, then the

imbalance between those Dopt dimensions and the remaining dimensions

grows fast enough to maintain the separation.

This number Dopt depends on the objective function and on the swarm

size, because the number of particles determines the shape of the running

phases. Experiments indicate that a larger swarm size results in a largerDopt.
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That is because the effect that allows the swarm to partially balance the po-

tentials of the different dimensions is strengthened by a larger swarm size.

See also Figure 5.9, containing the results of Experiment 5.3, where we can

see that in the 2-dimensional case, a larger swarm heals itself faster from

imbalanced potentials.
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(a) Potential curve of N = 2 particles processing the 10-dimensional function DIAGONAL1.
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(b) Curve of the global attractor getting improved over time.

Figure 5.14: Particle swarm suffering from imbalanced potentials while

processing 10-dimensional objective function DIAGONAL1 with

N = 2 particles. Only dimensions 1, 2 and 6 are optimized.

Analyzing the influence of the objective function is not that simple. A

function that turns out to be difficult to optimize and yields only a smallDopt

is the functionDIAGONALr (see Figure 5.12), particularly for large values of r.

In Figure 5.14, we can see that in case of objective function DIAGONAL1 and

withN = 2 particles, the number of optimizing dimensions isDopt = 3. If r
is increased and the swarm processes the functionDIAGONAL1000, then there
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(a) Potential curve ofN = 3 particles processing the 10-dimensional functionDIAGONAL1000.
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(b) Curve of the global attractor getting improved over time.

Figure 5.15: Particle swarm suffering from imbalanced potentials while pro-

cessing 10-dimensional objective function DIAGONAL1000 with

N = 3 particles. Only dimensions 2 and 4 are optimized.

are onlyDopt = 2 optimizing dimensions, which is due to the considerations

from the 2-dimensional case theminimumvalue ofDopt for any combination

of a swarm size N ≥ 2 and an objective function f(~x) = ~xt · A · ~x with a

positive-definite matrix A.

Provided with one additional particle, the swarm is able to optimize the

function DIAGONAL1000 in 3 dimensions. The results of an example run are

presented in Figure 5.16.

If we restrict theD-dimensional function SPHERE to a (D−k)-dimensional

function by fixing k components of the input vector, the result is a (possibly

shifted) version of the (D− k)-dimensional objective function SPHERE. The

same holds for the function DIAGONALr. Therefore, the number Dopt is for
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(a) Potential curve ofN = 4 particles processing the 10-dimensional functionDIAGONAL1000.
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(b) Curve of the global attractor getting improved over time.

Figure 5.16: Particle swarm suffering from imbalanced potentials while pro-

cessing 10-dimensional objective function DIAGONAL1000 with

N = 4 particles. Only dimensions 2, 3 and 6 are optimized.

both functions independent of the search space dimension D, unless D is

too small for any stagnating dimensions to occur. E. g., withN = 3 particles,
we haveDopt = min{D, 7} for the objective function SPHEREwith an arbitrary

dimension D. The same holds for the function DIAGONALr.

For objective functions that are less symmetric, the situation is different

and no fixed value Dopt can be given. As an example, Figure 5.17 and Figure

5.18 each show the results of a run, in which a swarm of N = 3 particles

processes the 20-dimensional objective function SCHWEFEL. However, as we

can see, in the first case, there are Dopt = 4 optimizing dimensions, while

in the second case, it turns out that Dopt = 5 dimensions are optimizing.

The reason for this is that objective function SCHWEFEL is not symmetric
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(a) Potential curve of N = 3 particles processing the 20-dimensional function SCHWEFEL.
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(b) Curve of the global attractor getting improved over time.

Figure 5.17: Particle swarm suffering from imbalanced potentials while pro-

cessing 20-dimensional objective function SCHWEFEL withN =
3 particles. Only dimensions 1, 3, 4 and 9 are optimized.

and in contrast to objective functions SPHERE and DIAGONALr not invariant

under permutations of the dimensions. Therefore, some dimensions of the

function SCHWEFEL are harder to optimize than others.

It is unclear if there is a swarm sizeNopt, such that a swarm of size at least

Nopt can optimize any objective function f(~x) = ~xt · A · ~x with a positive-

definite matrix A and any search space dimension D. It is even unclear if

for a fixed search space dimension D, there is a value Nopt(D) such that a

swarm of at least Nopt(D) particles can optimize any function of the given

form. E. g., forD = 10 andNopt(D) = 5, no stagnating dimensions occurred

while processing any of the considered objective functions.
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(a) Potential curve of N = 3 particles processing the 20-dimensional function SCHWEFEL.
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(b) Curve of the global attractor getting improved over time.

Figure 5.18: Particle swarm suffering from imbalanced potentials while pro-

cessing 20-dimensional objective function SCHWEFELwithN =
3 particles. Only dimensions 2, 12, 14, 15 and 17 are optimized.

The optimization speed heavily depends on the swarm size and using a

swarm size of more thanNopt(D) particles might pay off. As an example for

the dependency of the optimization speed on the objective function and the

swarm size, see Figure 5.19. In Figure 5.19a and 5.19a, we can see the com-

paratively high optimization speed when optimizing the objective function

SPHERE with a swarm size of N = 3 particles. In Figure 5.19c and 5.19d, we

use the same swarm size to optimizeDIAGONAL1000. One can clearly see that

the optimization speed is orders of magnitudes slower than when SPHERE is

processed, i. e., after the same time in which the swarm processing SPHERE

approaches the optimum up to a distance of < 10−7500 in every dimension,

the swarm optimizing DIAGONAL1000 still has a distance > 10
−35

to the opti-
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mum. Here, increasing the swarm size pays off. Figures 5.19e and 5.19f show

a swarm with 10 particles processing again DIAGONAL1000. After 500.000 it-

erations, the same number of function evaluations are used as in case of a

swarm with sizeN = 5 after 1.000.000 iterations, but the obtained value has

already a distance of ≈ 10−400 to the optimum.

Finding the exact values Nopt(D), the minimal swarm size for allowing

the swarm to optimize at all, and the optimal swarm size that results in the

fastest optimization, remain interesting and promising topics for future re-

search.
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(a) Potential curve ofN = 5 particles
processing 10-dimensional func-

tion SPHERE.
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(b) Curve of the global attractor get-

ting improved over time.
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(c) Potential curve ofN = 5 particles
processing 10-dimensional func-

tion DIAGONAL1000.
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(d) Curve of the global attractor get-

ting improved over time.
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(e) Potential curve of N = 10 par-

ticles processing 10-dimensional

function DIAGONAL1000.
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(f ) Curve of the global attractor get-

ting improved over time.

Figure 5.19: Influence of objective function and swarm size on the speed

with which the particle swarm recovers from imbalanced po-

tentials.

174



5.2 ModifiedParticle SwarmOptimizationAlmost Surely Finds LocalOptima

5.2 Modified Particle Swarm Optimization Almost Surely Finds Local
Optima

Since the bad event of imbalanced potentials is a fatal event fromwhich clas-

sical PSO cannot recover on its own, we want to modify the algorithm, such

that it can overcome this particular situation, but stays as close as possible to

the classical PSO. Several modifications are possible, but in order to keep the

algorithm as simple and close to the original PSO, we propose the following

modification.

Definition 5.1 (Modified PSO). For some arbitrary small but fixed δ > 0,

we define the modified PSO via the same equations as the classic PSO in

Definition 3.8, only modifying the third part of the movement equations to

Vn,dt+1 =



(2 · rn,dt − 1) · δ,
if ∀n ′ ∈ {1, ...,N} : |Vn

′,d
t |+ |Gn

′,d
t+1 − Xn

′,d
t | < δ,

χ · Vn,dt + c1 · rn,dt · (Ln,dt − Xn,dt )

+ c2 · sn,dt · (Gn,dt+1 − Xn,dt ),

otherwise.

Whenever the first case applies, we call the step and the whole iteration

forced.

An algorithmic overview over the modified PSO is given in Algorithm 4.

In words: As soon as in one dimension the sum of the velocity and the dis-

tance between the position and the global attractor are below the bound of

δ for every single particle, the updated velocity of this dimension is drawn

u. a. r. from the interval [−δ, δ]. Note the similarity between this condition

and the definition of the potential. Indeed, we could have used the condi-

tion Φn,dt+1 < δ (with some fixed a) or
∑N
n=1 Y

n,d
t < δ instead, but the mod-

ification as defined in Definition 5.1 is chosen to be as simple, natural and

independent from the terms occurring in the analysis as possible. Now the

phenomenon of imbalanced convergence can no longer occur because if the

potential decreases below a certain bound, a random value, which on expec-

tation has an absolute value of δ/2, is assigned to the velocity. Therefore, the

potential of every dimension has a stochastic lower bound.

This modified PSO is similar to the Noisy PSO proposed by Lehre and

Witt in [LW11] where the authors generally add a randomperturbation drawn
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5. Convergence for Multidimensional Problems

Algorithm 4: modified PSO

input : Objective function f : S→ R to be minimized

output: G ∈ RD

// Initialization
1 for n = 1→ N do
2 Initialize position Xn ∈ RD randomly;

3 Initialize velocity Vn ∈ RD;
4 Initialize local attractor Ln := Xn;

5 Initialize G := argmin{L1,...,Ln} f;

// Movement
6 repeat
7 for n = 1→ N do
8 for d = 1→ D do
9 if ∀n ′ ∈ {1, ...,N} : |Vn

′,d|+ |Gd − Xn
′,d| < δ then

10 Vn,d := (2 · rand() − 1) · δ;
11 else
12 Vn,d := χ · Vn,d + c1 · rand() · (Ln,d − Xn,d)

+ c2 · rand() · (Gd − Xn,d);
13 Xn,d := Xn,d + Vn,d;

14 if f(Xn) ≤ f(Ln) then Ln := Xn;
15 if f(Xn) ≤ f(G) then G := Xn;

16 until termination criterion met;

u. a. r. from [−δ/2, δ/2] for some small δ and prove that their swarm is able

to find a local optimum. However, their analysis is restricted to one specific

1-dimensional objective function.

Another famous modified version of PSO with a comparable modifica-

tion is the Guaranteed Convergence PSO (GCPSO) found in [vdBE02] (see

Chapter 2, Section 2.3.3). Here, the authors made more complex changes

of the movement equations, enabling the particles to count the number of

times they improved the global attractor and use that information. Empirical

evidence for the capability of the GCPSO to find local optima on common

benchmarks is given.

In case of the proposed modified PSO, the change from the classic PSO

are considered comparatively simple. The main difference to previous ap-

proaches (e. g., [vdBE02]) is that our PSO uses the modification not as its
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5.2 ModifiedParticle SwarmOptimizationAlmost Surely Finds LocalOptima

engine. Rather, it will turn out that the number of forced steps is small and

if the swarm is not already within an δ-neighborhood of a local optimum,

after some forced steps the potential increases and the swarm switches back

to classical steps, a behavior which can also be observed experimentally (see

Section 5.3.4)

Note that, however, the convergence of the swarm is sacrificed in order to

increase the quality of the solution, since the potential cannot approach 0

anymore. Instead, we can only expect the global attractor to converge. Pre-

sumably, we can hope for linear convergence speed until the distance to the

optimum is of order δ. From that moment on, the global attractor will still

continue converging towards the optimum, but the speed decreases signifi-

cantly because the swarm is only driven by its modification, which leads to a

behavior similar to “blind search” over some interval of size δ. However, since

δ is a user-defined parameter which can be made arbitrarily small, any prac-

tical application can take this behavior into account and choose the value δ

according to the desired precision of the result.

Now the question arises how much of the results from the 1-dimensional

PSO can be transferred to the general, D-dimensional case. Although a rig-

orous runtime analysis is generally hardly possible because the influence of

the objective function and its derivatives is not easy to handle, we can indeed

prove that the modified PSO algorithm finds local optima similar to the un-

modified PSO in the 1-dimensional case for a comparatively large class of

objective functions. For technical reasons, additionally to the requirements

of Definition 4.1, in this section we assume that the objective function f has

a continuous first derivative. This leads to the following definition of admis-

sible objective functions.

Definition 5.2. Let f : RD → R be a function. f ∈ F if and only if

(i) there is a compact set K ⊂ RD with positive Lebesgue measure, such

that P(Xn0 ∈ K) = 1 for every n and

{
x ∈ RD

∣∣ f(x) ≤ supK f
}
(the

island) is bounded;

(ii) f ∈ C1(RD), i. e., f is continuous and has a continuous derivative.

For objective functions satisfying the requirements of Definition 5.2, we

prove the following theorem, which is the D-dimensional counterpart to

Theorem 4.1.

Theorem 5.1. Using the modified PSO algorithm, every accumulation point

of G = (Gnt )n=1,...,N;t∈N is a local minimum of f almost surely.
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5. Convergence for Multidimensional Problems

Proof. Assume, for contradiction, that there is some accumulation point z of

G that is no local minimum. Then, in any neighborhood of z and therefore

in particular in Bδ(z), there is a point x0 ∈ Bδ(z) with f(x0) < f(z). Since f
is continuous, x0 has some neighborhood Bτ(x0), such that f(x) < f(z) for
every x ∈ Bτ(x0). Figure 5.20 gives an overview over the situation.

Figure 5.20: Every point x0 with f(x0) < f(z) has a neighborhood Bτ(x0),
such that f(x) < f(z) for x ∈ Bτ(x0)

The set Bτ(x0) plays the role of the interval (z, z + τ) from the proof of

Theorem 4.1. Now we investigate what happens when G enters Bε(z). This
will for each ε > 0 happen infinitely often because z is an accumulation

point. The modification of the PSO algorithm enables the construction of a

sequence of steps leading a particle into Bτ(x0). In principle, the sequence

can be obtained by using the sequence from the proof of Theorem 4.1 for

every single dimension. However, that may result in a particle being at the

desired positions in two distinct dimensions at two different points in time,

so the sequence is constructed basically by a simple composition of modified

sequences from Theorem 4.1 for every single dimension in which the steps

are not forced. Themodification of the sequences ensuring that they all have

the same length is straight-forward. For forced dimensions, the probability

for hitting Bτ(x0) within the next step is obviously positive and so is the

probability for obtaining a velocity suitable for ensuring that the next step

will be forced in case the other dimensions are not at the end of their se-

quences. Note that due to the modification, splitting cases on whether there

is a second accumulation point or not is unnecessary.
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5.2 ModifiedParticle SwarmOptimizationAlmost Surely Finds LocalOptima

This result is not surprising because in the modified PSO random per-

turbations occur when the swarm tends to converge and it is easy to see that

small randomperturbations can optimize any continuous function (but with

a very poor runtime). Note that the proof of Theorem 5.1 does neither make

use of f having a continuous derivative nor of Lemma 4.1. To supplement this

result, we will prove a statement about how often the modification actually

applies. It is obvious that for δ chosen too large, the behavior of the swarm

is dominated by its forced steps. The case of δ being small with respect to

the structure of the function is the interesting one. On the other hand, if

the distance of a particle and a local optimum is smaller than δ, presumably

many of the upcoming steps will be forced because there is no room for fur-

ther improvements. But we can show that, given the swarm is sufficiently far

away from the closest local optimum, the forced steps only balance the po-

tentials between the different dimensions and enable the swarm to become

running. In particular, consider the following situation: Let for some dimen-

sion d0 and some c� 1 be ∂f
∂d0

< 0 on a (c · δ)-neighborhood of the current

global attractor and let the swarm have low potential, i. e., every particle has

in every dimension potential of order δ. Instead of only being driven by the

random perturbation, we would like the swarm to become running in direc-

tion d0 (or some other direction), increasing the potential in that direction,

so the velocity updates can be done according to the classical movement

equations again.

Theorem5.2. In the situation described above, the probability for the swarm

to become running within a constant number of iterations is positive and in-

dependent of δ.

Proof. We can explicitly describe a possible sequence of iterations enabling

the swarm to become running. First, the particles decrease their distance to

the global attractor in every single dimension to atmost δ·ε/2with ε� 1 and

a velocity of absolute value less than δ ·(1−ε/2), such that the local attractor

is updated for all particles except the one whose local attractor is equal to

the global attractor. If the current global attractor Gnt is no local maximum,

this can be done because every local attractor has a function value worse

than the global attractor and since f is continuous, so the function values

of f approach f(Gnt ) when x approaches Gnt . The case of Gnt being a local

maximum has probability 0. Then the next step of each particle is forced.

In the next iteration, the velocity of every particle gets smaller than δ · ε/2
in each dimension except d0. In dimension d0, one particle obtains velocity

greater than δ·(1+ε)/2, such that it gets to a search point that is in dimension
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5. Convergence for Multidimensional Problems

d0 more than δ/2 and in any other dimension at most ε · δ away from the

previous global attractor. For ε sufficiently small, this particle will update

the global attractor since f has a positive partial derivative in dimension d0.

Every other particle obtains in d0 a velocity less than −δ · (1+ ε)/2, making

sure that its new position and the new global attractor after that step differ

by more than δ. So the next step will not be forced and the potentials have

order

√
δ in dimension d0 and only

√
δ · ε in every other dimension. So for

ε sufficiently small with respect to the function f, the swarm will become

running and therefore the steps will actually become unforced.

The behavior of the modified PSO is the same as of the classic PSO, ex-

cept that due to the modification the particles can overcome “corners,” i. e.,

in presence of imbalanced potentials, the modification helps to balance the

potentials of the different dimensions. The “blind” algorithm that just ran-

domly checks a point around the previous best solution with range δ would

of course find a local minimum, too, but with a very poor running time be-

cause it can not accelerate and therefore its step size will only be of order

δ.

5.3 Experimental Results with a Standard Implementation

To supplement the results about the behavior of PSO in that “artificial” set-

ting, we run it on twowell-known benchmark functions, using standard dou-

ble precision number and standard methods like calculation of the arith-
metic mean instead of the geometric mean, to show that the bad event of

the imbalanced potentials actually occurs on common benchmark instances

and affects the optimization even under common experimental conditions.

The following experiments are performed using MATLAB version 8.2.0.701

(R2013b).

5.3.1 The Problem of Imbalanced Potentials on Standard Benchmarks

Since the described scenario may happen with positive but, depending on

the situation, small probability, we choose the number of particles N small
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5.3 Experimental Results with a Standard Implementation

compared to the number of dimensions D in order to be able to view the

phenomenon in a preferably pure condition.

We run PSO on the objective functions SPHEREwith optimal solution z∗ =
(0, ..., 0) and ROSENBROCK with optimal solution z∗ = (1, ..., 1) (found in

[Ros60]). The function ROSENBROCK is defined as follows:

ROSENBROCK(~x) =
D−1∑
d=1

(
(1− xd)

2 + 100 · (xd+1 − x2d)2
)
.

Figure 5.21 shows the function ROSENBROCK for D = 2 dimensions.
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Figure 5.21:Objective function ROSENBROCK.

Experiment 5.5. We initialize the particles’ positions uniformly at random

over [−100, 100]D and the velocities over [−50, 50]D for processing function

SPHERE. For the function ROSENBROCK, we distribute the initial popula-

tion randomly over [−5, 10]D and the initial velocity over [−2.5, 5]D. For the
search space dimensionD = 5, we set the swarm size toN = 2 and the total

number of iterations tmax to 10.000 and for D = 50, we use N = 8 particles

and tmax = 100.000 iterations. We repeat each experiment 1000 times and

calculate the arithmetic means.
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Table 5.1 lists the results. For each repetition, we determine the dimen-

sion with the minimal and the one with the maximal value for the potential

Φ after the last iteration (see columns Φ), together with the difference be-

tween the global attractor and the optimal solution in the dimension with

the lowest and highest remaining potential, respectively.

Table 5.1: Imbalanced Potentials

Function Sphere Rosenbrock

D 5 50 5 50

N 2 8 2 8

tmax 10000 100000 10000 100000

Value 247.83 26.2706 4.19 · 106 4.1256 · 105

min. Φ
Φ 0* 0* 0* 1.0320 · 10−5

dist. opt. - 0.9188 - 0.3235

max. Φ
Φ 0* 2.2778 · 10−4 0* 0.1789

dist. opt. - 2.5449 · 10−8 - 104.2775
*
Due to double precision.

In the 5-dimensional case, the potential reaches 0 due to double preci-

sion in every dimension, so there is no single dimension with highest or

lowest potential. However, the function value obtained at the point where

the particles converge to is still far away from the optimum. In case of the

50-dimensional SPHERE, we can see that the dimension with the highest

value for Φ usually is much closer to its optimal value than the dimension

with the lower value. This confirms the concerns about the classical PSO

in connection with imbalanced potentials. Since function ROSENBROCK is

non-separable, the same relationship between the remaining potentials and

the distance to the optimum cannot be obtained. However, what we can see

is that the remaining potentials are much smaller than the distance to the

optimum.

5.3.2 Avoiding Imbalanced Convergence

We repeat Experiment 5.5 in the same setting as before, but using the modi-

fied PSO as defined in Definition 5.1 with δ := 10−12. The results can be seen

in Table 5.2. It turns out that the modified PSO algorithm actually leads
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to a significantly better solution than the unmodified one. In particular,

the values obtained by the modified algorithm processing objective func-

tion SPHERE are of order δ2, which means that the swarm was already closer

than δ to the optimum. Figure 5.22 shows the function value of the global

attractor at each time during two particular runs. We can see that as long as

this value is larger than δ2, the swarm sometimes stagnates and does not im-

prove until it finds another promising direction and accelerates again. The

results from processing function ROSENBROCK look different. Here, even the

values obtained by modified algorithm are still far away from the optimum.

So, some of the runs are not converged up to an error of δ when they are

stopped.
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Figure 5.22: Curve of the objective function value of the global attractor

when processing function SPHERE with the modified PSO.

5.3.3 Differentiability

As stated earlier, the only substantial restriction for the objective function f

is that fmust have a continuous first derivative. In the following, we provide
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Table 5.2: Comparison between the classic and the modified PSO algorithm

Function D N tmax δ Value

Sphere 5 2 10000 10−12 1.91 · 10−26
Sphere 5 2 10000 - 247.83

Sphere 50 8 100000 10−12 2.1402 · 10−24
Sphere 50 8 100000 - 26.27

Rosenbrock 5 2 10000 10−12 2.67 · 105
Rosenbrock 5 2 10000 - 4.19 · 106
Rosenbrock 50 8 100000 10−12 220.66

Rosenbrock 50 8 100000 - 4.13 · 105

an example, showing what can happen when f is only continuous. For some

fixed b > 1, we define the D-dimensional function f as follows:

f(~x) =


∑n
i=1 x

2
i , ∃i, j : xi ≥ b · xj ∨ xj ≥ b · xi∑n

i=1 x
2
i

b− 1
·
(
2maxi 6=j

{
xi
xj

}
− b− 1

)
, otherwise

(a) Continuous, not differentiable
function f

(b) Particles making almost only

forced steps through the valley

Figure 5.23: (a) Function f, (b) behavior of the particles on f

Figure 5.23a shows a plot of the 2-dimensional function f. For y not be-

tween x/b and x · b, this function behaves like the well-known function
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SPHERE. For x = y, f(x, y) = −2 · x2 and from y = x/b (y = x · b) to
y = x, the function falls into a valley. It is easy to see that this function is

continuous but has no derivative. The construction of a continuous function

which behaves like f on a bounded set and tends to infinity for |x|+ |y|→∞
is straightforward. Therefore, the particles must be able to pass through the

valley.

Experiment 5.6. We initialize the particles’ positions uniformly at random

over [−100; 100]D (except for the first particle, which is initialized at (1, ..., 1)
such that the swarm could see the direction where the improvements are

possible) and the velocities over [−50; 50]D, with the value D = 3. We per-

form a total of 1000 runs, each with 5000 iterations. We determine the po-

tential of the dimension with the highest potential after the last iteration

and calculate the mean and standard deviation of the respective dimensions

over the 1000 repetitions. This is done for two different swarm sizes, namely

N = 10 and N = 50.

We repeat the experiment with 10 particles and only 100 iterations, using

the function frot, which is obtained by first rotating the input vector and then

applying f such that the valley now leads the particles along the x1-axis. For-

mally speaking, the rotation maps the vector (
√
N, 0, . . . , 0) to (1, 1, . . . , 1)

and keeps every vector that is orthogonal to this two invariant.

The results of Experiments 5.6 can be seen in Figure 5.24. In all three

cases, for about the first 20 iterations, the swarm behaves like on the function

SPHERE and reduces its potential. Then, it discovers the valley and tries to

move through it. However, in the unrotated case with 10 particles (Figure

5.24a), the swarm fails to accelerate and instead, it converges towards a non-

optimal point. With much more effort, the swarm consisting of 50 particles

(Figure 5.24b) is able to accelerate, but the acceleration rate and therefore

the speed are comparatively poor. Finally, Figure 5.24c shows how the swarm

handles the rotated version much better than the original function f before.

Here, after only 100 iterations, the potential increased to a value of about

1045. The reason for this large difference between the behavior on f and on

frot is the capability of the swarm to favor one direction only if this direction

is parallel to one of the axes.

In particular, this experiment also confirms the results in [HRM
+
11], name-

ly that PSO is not invariant under rotations of the search space.
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(c) Function frot, b = 1.1. 10 particles

Figure 5.24: Behavior of the particles on functions f and frot

5.3.4 Impact of the Modification

To make sure that the modification does not fully take over, we track the

forced points, i. e., the positions of particles before performing a forced step,

in order to see how many of them occur and where the modification is used.

Experiment 5.7. For processing the 2-dimensional function SPHERE, we ini-

tialize the particles uniformly at random over [−100, 100] and the velocities

over [−50, 50]. We set the parameter δ to 10−7. The swarm size is set toN = 2
and the number of iterations to tmax = 100.000.

The points at which particle performed a forced step can be seen in Fig-

ure 5.25.

As can be seen in the figure, the particles get forced near (−2 · 10−5, 0)
but their movement does not stay forced. Instead, the swarm becomes run-
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Figure 5.25: Behavior of the modified PSO on function SPHERE

ning again until the particles approached the optimum at (0, 0). This implies

that for sufficiently smooth functions, the modification does not take over,

replacing PSO by some random search routine. Instead, the modification

just helps to overcome “corners.” As soon as there is a direction parallel to an

axis with decreasing function value, the swarm becomes running again and

the unmodified movement equations apply.
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In this thesis, we studied the process of convergence in detail. As a main tool

for the analysis, we defined the potential of a particle swarm and analyzed

its course in order to measure, how far the swarm at a certain time is already

converged. With the help of this potential, we could prove the first main

result, namely that in a 1-dimensional situation, the swarm with probabil-

ity 1 converges towards a local optimum for a comparatively wide range of

admissible objective functions.

In order to measure the runtime, so-called bad events, i. e., situations

in which the particle swarm optimization (PSO) does not make significant

progress, where studied. We could proof that in the 1-dimensional situation,

the swarm is able to recover from encountering such a bad event within rea-

sonable time. Applying drift theory led to the second main result, namely

the formal proof that the swarm obtains a precision of k digits in timeO(k).
In the general D-dimensional case, it turned out that there exists a bad

event from which the swarm is unable to recover, namely the situation when

some dimensions have a potential orders of magnitude smaller than oth-

ers. Such dimensions with a too small potential loose their influence on the

behavior of the algorithm, and therefore the respective entries are not op-

timized. In order to solve this issue, a slightly modified PSO was proposed

that again guarantees convergence towards a local optimum. Experiments

where presented, indicating that indeed the modified swarm recovers from

this bad event, and also indicating that the modification does not govern the

whole algorithm.

Directions of future research

A future research goal is to formally prove the mentioned aspects of the

swarm’s behavior in situations with more than one dimension. A first at-

tempt on this is made in [Raß14], where the author provides a theoretical
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framework for formally proving that the swarm sometimes stagnates at lo-

cations that are no local optimum.

The technique of studying the bad events can be expanded tomore general

cases, e. g., a possible next step is to provide convergence proof and runtime

bounds for the 2-dimensional case using the unmodified PSO. Another op-

portunity lies in further studying the modified PSO from Section 5.2. As

long as k < log(1/δ), one could expect the modified PSO to obtain a preci-

sion of k digits in timeO(k). Since δ is a user-defined parameter, this can be

sufficient for practical applications.

Finally, the proposed continuous drift theorem looks promising and it is

likely that it can be applied in order to analyze other continuous optimiza-

tion heuristics. Therefore, this direction of drift theory on its own is worth

further studies in order to, e. g., generalize it to other situations on the one

hand and on the other hand specialize it in order to find tighter boundswhen

the investigated stochastic process has stronger properties, e. g., the Markov

property.
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Convergence Analysis for 
Particle Swarm Optimization

Particle swarm optimization (PSO) is a very popular, randomized, nature- 
inspired meta-heuristic for solving continuous black box optimization problems. 
The main idea is to mimic the behavior of natural swarms like, e. g., bird  
flocks and  fish swarms that find pleasant regions by sharing information. The   
movement of a particle is influenced not only by its own experience, but also 
by the experiences of its swarm members.
In this thesis, we study the convergence process in detail. In order to mea- 
sure how far the swarm at a certain time is already converged, we define and  
analyze the potential of a particle swarm. This potential analysis leads to the  
proof that in a 1-dimensional situation, the swarm with probability 1 converges  
towards a local optimum for a comparatively wide range of objective functions. 
Additionally, we apply drift theory in order to prove that for unimodal objective 
functions the result of the PSO algorithm agrees with the actual optimum 
in 𝑘 digits after time 𝒪(𝑘).
In the general D-dimensional case, it turns out that the swarm might not 
converge towards a local optimum. Instead, it gets stuck in a situation 
where some dimensions have a potential that is orders of magnitude smaller 
than others. Such dimensions with a too small potential lose their influence on 
the behavior of the algorithm, and therefore the respective entries are not  
optimized. In the end, the swarm stagnates, i. e., it converges towards a point  
in the search space that is not even a local optimum. In order to solve 
this issue, we propose a slightly modified PSO that again guarantees 
convergence towards a local optimum.
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